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Abstract 



Let /i, /2, . . . , /„ be a family of independent copies of a given random variable 
/ in a probability space (f^,^, /i). Then, the following equivalence of norms holds 
whenever 1 < q < p < oo 

We prove a noncommutative analogue of this inequality for sums of free random 
variables over a given von Neumann subalgebra. This formulation leads to new 
classes of noncommutative function spaces which appear in quantum probability as 
square functions, conditioned square functions and maximal functions. Our main 
tools are Rosenthal type inequalities for free random variables, noncommutative 
martingale theory and factorization of operator-valued analytic functions. This 
allows us to generalize (Spg) as a result for noncommutative Lp in the category 
of operator spaces. Moreover, the use of free random variables produces the right 
formulation of (Soog), which has not a commutative counterpart. 
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Introduction 



Probabilistic methods play an important role in harmonic analysis and Banach 
space theory. Let us just mention the relevance of sums of independent random 
variables, p-stable processes or martingale inequalities in both fields. The analysis 
of subspaces of the classical Lp spaces is specially benefited from such probabilistic 
notions. Viceversa, Burkholder's martingale inequality for the conditional square 
function has been discovered in view of Rosenthal's inequality for the norm in 
Lp of sums of independent random variables. This is only one example of the 
fruitful interplay between harmonic analysis, probability theory and Banach space 
geometry carried out mostly in the 70's by Burkholder, Gundy, Kwapieh, Maurey, 
Pisier, Rosenthal and many others. 

More recently it became clear that a similar endeavor for noncommutative Lp 
spaces requires an additional insight from quantum probability and operator space 
theory |13|, 115^ I43j . A noncommutative theory of martingale inequalities finds its 
beginnings in the work of Lust-Piquard |30j and Lust-Piquard/Pisier [31] on the 
noncommutative Khintchine inequality. The seminal paper of Pisier and Xu on the 
noncommutative analogue of Burkholder-Gundy inequality [44] started a new trend 
in quantum probability. Nowadays, most classical martingale inequalities have a 
satisfactory noncommutative analogue, see [14L \22[ 1351 146j . In the proof of these 
results the classical stopping time arguments are no longer available, essentially 
because point sets disappear after quantization. These arguments are replaced by 
functional analytic or combinatorial arguments. In the functional analytic approach 
we often encounter new spaces. Indeed, maximal functions in the noncommutative 
context can only be understood and defined through analogy with vector-valued Lp 
spaces. A careful analysis of these spaces is crucial in establishing basic results such 
as Doob's inequality [14] for noncommutative martingales and the noncommutative 
maximal theorem behind Birkhoff's ergodic theorem |23| . The proof of maximal 
theorems and noncommutative versions of Rosenthal's inequality often uses square 
function and conditioned square function estimates, see [20] and the references 
therein. These are examples of more general classes of noncommutative function 
spaces to be defined below. However, all of them illustrate our main motto in 
this paper. Namely, certain problems can be solved by finding and analyzing the 
appropriate class of Banach spaces. We shall develop in this paper a new theory 
of generalized noncommutative Lp spaces with three problems in mind for a given 
von Neumann algebra A. 

Problem 1. Calculate the Lp{A;£q) norm for sums of free random variables. 
Problem 2. Any reflexive subspace of embeds in some Lp for certain p > \. 
Problem 3. Ifl<p< 2, find a complete embedding of Lp{A) into some Li space. 
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The main contribution of this paper is a detailed solution of Problem 1, see 
below for more information. Unfortunately, Problems 2 and 3 are beyond the scope 
of this paper. However, we should note that the solutions to both problems are 
deeply related to the main results in this paper. Problem 2 is the noncommutative 
version of Rosenthal's famous theorem |51| . A certain version of this result was 
obtained by Pisier in [37^ However, he uses a nonconventional interpolation space 
which does not seem to fit in the usual scale of noncommutative Lp spaces. More 
precisely, one has to understand the interpolation space between a von Neumann 
algebra and an intersection of two Hilbert spaces. The interplay of interpolation 
and intersection is a the heart of this article. In the semifinite case, the problem is 
solved by Randrianantoanina |48j . On the other hand. Problem 3 is motivated by 
the classical notion of p-stable variables for < p < 2. That is, a sequence (^fc) of 
independent random variables such that 



E exp itakik'j = exp - 



lOfcl 

Indeed, a positive solution of Problem 3 for p = 2 has been obtained in [15 using 
norm estimates for sums of independent random variables. Let us briefly explain 
this. The simplest model of 2-stable variables is provided by normalized gaussians 
(gk)- In this particular case and after taking operator coefficients (a^) in some 
noncommutative Li space, the noncommutative Khintchine inequality |31j tells us 
that 

Let us point out that operator space theory provides a very appropriate framework 
for analyzing noncommutative Lp spaces and linear maps between them. Indeed, 
the inequality ([T]) describes the operator space structure of the subspace spanned 
by the gkS in Li as the sum i? + C of row and column subspaces of 6(^2)- We refer 
to [9] and [42] for background information on operator spaces. In the language of 
noncommutative probability many operator space inequalities translate into module 
valued versions of scalar inequalities, this will be further explained below. The only 
drawback of ([T|) is that it does not coincide with Pisier's definition of the operator 
space £2 

(2) II ak « 4||^^^^^^^^ = inf (E, MliM)) ' MuiM)- 

However, it was proved by Pisier that the right side in Q is obtained by complex 
interpolation between the row and the column square functions appearing on the 
right of ([T]). One the main results in this article is a far reaching generalization 
of this observation. In fact, the solution of Problem 3 in full generality is closely 
related to this analysis. 

Following our guideline we will now introduce and discuss the new class of 
spaces relevant for these problems and martingale theory. These generalize Pisier's 
theory of Lp{Lq) spaces over hyperfinite von Neumann algebras. We begin with a 
brief review of some noncommutative function spaces which have lately appeared in 
the literature, mainly in noncommutative martingale theory. We refer to Chapter 
[1] below for a more detailed exposition. 
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1. Noncommutative function spaces. 

Inspired by Pisier's theory |41j . several noncommutative function spaces have 
been recently introduced in quantum probability. The first motivation comes from 
some of Pisier's fundamental equalities, which we briefly review. Let Mi and J\f2 
be two hyperfinite von Neumann algebras. Then, given 1 < p, 9 < c» and defining 
f/r=|f/p — l/g|,we have 

i) If p < q, the norm of a; G Lp{Ni \ Lq{N2)) is given by 

inf {||a|U2.(M)blU,(M»AA2)ll/3||L2,.(M) | a; = ay/?}. 

ii) If P > 9, the norm of a; G Lp(j\fi; Lq{M2)) is given by 

Sup|||Q;a;/3|li_^(^^g,^^) | Q;,/3e ^Lo.riJ^i)^- 
On the other hand, the row and column subspaces of Lp are defined as follows 

n 

Lp{M;R;) = [Y,^k^eik \ Xk e Lp{M)} C Lp{M^B{l2)), 

k=l 
n 

Lp{M;C;) = {J^xfc ®efei I Xfe e Lp{M)} C Lp{Mm{£2)), 
fe=i 

where (cy) denotes the unit vector basis of B{l2)- These spaces are crucial in 
the noncommutative Khintchine/Rosenthal type inequalities |20l 1311 I34j and in 
noncommutative martingale inequalities [221 1441 146j . where the row and column 
spaces are traditionally denoted by Lp{Ai;£2) Lp{A4; £2)- Now, considering a 
von Neumann subalgebra J\f of M with a normal faithful conditional expectation 
E : A1 — > A/", we may define Lp norms of the conditional square functions 

n 2^ n 1 

[Y.E{x,xl)y and (^E( 

fc=l fc=l 

The expressions E{xkx'l) and E{xlxk) have to be defined properly for 1 < p < 2, 
see |14j or Chapter [T] below. Note that the resulting spaces coincide with the row 
and column spaces defined above when A/" is itself. When n = 1 we recover the 
spaces Lp{A4, E) and Lp{A4, E), which have been instrumental in proving Doob's 
inequality |14j . see also |18|, I23j for more applications. 



2. Amalgamated Lp spaces 

The definition of amalgamated Lp spaces is algebraic. We recall that by 
Holder's inequality Ly^{M)Lq{M)Ly{M) is contractively included in Lp{M) when 
1/p = 1/u + 1/q + 1/v. Let us now assume that is a von Neumann subalgebra 
of A4 with a normal faithful conditional expectation E : Ai ^ N. Then we have 
natural isometric inclusions La{M) C Ls{M.) for Q < s < 00 and we may consider 
the amalgamated Lp space 

L^{N)Lq{M)L,{M) 

as the subset of elements x in Lp{M.) which factorize as a; = ay (3 with a € Lu{Af), 
y € Lg{M) and /3 e Ly{J\f). The natural "norm" is then given by the following 
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expression 



inf {||a||L„(A^)bllL,(Al)ll/3||L4AA) I X = aypy 



However, the triangle inequality for the homogeneous expression || \\u-q-v is by no 
means trivial. Moreover, it is not clear a priori that this subset of Lp{A4) is indeed 
a linear space. Before explaining these difficulties in some detail, let us consider 
some examples. We fix an integer n > 1 and the subalgebra Af embedded in the 
diagonal of the direct sum M — A/'©oo A/'©oo • • • ®oo A/" with n terms. The natural 
conditional expectation is 

1 " 

^ ' n ^-^ 

k=l 

Then it is easy to see that for 1 < p < 2 and 1/p = 1/2 + 1/w we have 
Lp{J^;R;) = V^LjAf)L2{M)Loo{Af), 

isometrically. Here we use the notation 7X to denote the space X equipped with 
the norm 7II • |jx- At the time of this writing and with independence of this paper, 
a result of Pisier [39] on interpolation of these spaces for p = 00 was generalized 
by Xu )62| for arbitrary p's 



E 

k=l 



Xk (8) Sk 



n 1 



fc=l 



Here {1/ug, 1/vg) = ((1 — 9)/w, d/w) and for 9 — 1/2 we find Pisier's definition of 
Lp{J\f]£2). That is, we obtain the space y/n Lug{M)L2{M.)Lyg{M). Our definition 
is fiexible enough to accommodate the conditional square function. Indeed, given a 
von Neumann subalgebra Ao of J\f with a normal faithful conditional expectation 
£0 • A/" A/q , we find 



Xfc (g) Jfc 



fc=i 



Xk ® Sk 



L^(No)L2(M)L^(N'q) 



^£o{xkxl)y 
Soixlxk)) ' 



fc=l 



ip(A/o) 



Xu's interpolation does not apply in this more general setting, which appears in the 
context of the noncommutative Rosenthal inequality. This illustrates how certain 
amalgamated Lp spaces occur naturally in quantum probability. Now we want to 
understand for which range of indices (m, q, v) we have the triangle inequality. In 
fact, our proof intertwines with the proof of our main interpolation result which 
can be stated as follows. Let us consider the solid K in defined by 



K = 



2 < u.v < 00, 



1 < 9 < 00, 1/u+l/q+l/v 



Theorem A. The amalgamated space Lu{M)Lq{A4)Ly{M) is a Banach space 
for any G K. Moreover, if {l/uj,l/vj,l/qj) G K for j = 0,1, the 

space Lu„{M)Lqg{Ai)Lyg{J\f) is isometrically isomorphic to 
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The triangle inequality follows from Theorem A. On the other hand we will need 
the triangle inequality in order to apply interpolation and factorization techniques 
in proving Theorem A. This intriguing interplay makes our proof quite involved. 
Our first step is showing that the triangle inequality holds in the boundary region 



Our argument uses the operator-valued analogue of Szego's factorization theorem, 
a technique which will be used repeatedly throughout this paper. The triangle 
inequality for other indices follows by convexity since K is the convex hull of 9ooK, 
so that any other point in K is associated to an interpolation space between two 
spaces living in 9ooK. Another technical difficulty is the fact that the intersection 
of two amalgamated Lp spaces is in general quite difficult to describe. Thus, any 
attempt to use a density argument meets this obstacle. The second step is to prove 
Theorem A for finite von Neumann algebras, where the intersections are easier to 
handle. Moreover, most of the factorization arguments (as Szego's theorem) a priori 
only apply in the finite setting. In the third step we consider general von Neumann 
algebras using Haagerup's crossed product construction [lOj to approximate a-finite 
von Neumann algebras by direct limits of finite von Neumann algebras. Finally, we 
need a different argument for the case min(go,9i) = oo, which is out of the scope 
of Haagerup's construction. The main technique here is a Grothendieck-Pietsch 
version of the Hahn-Banach theorem. 

Let us observe that in the hyperfinite case Pisier was able to establish many of 
his results using the Haagerup tensor product. Though similar in nature, we can 
not directly use tensor product formulas for our interpolation results due to the 
complicated structure of general von Neumann subalgebras. Theorem 1X1 will also 
be useful in understanding certain interpolation spaces in martingale theory. Let 
us mention some open problems, for partial results see Chapter [5] below. 

Problem 4. Let Ai be a von Neumann algebra and denote byTl.p{M.) andTi.p{M) 
the row and column Hardy spaces of noncommutative martingales over M. . Let us 
consider an interpolation parameter < 6 < 1 . 

(a) Calculate the interpolation norms [Ti.p(A4),Ti.'p{M)]g. 

(b) If X G [Ti.i{A4),T-l1{A4)]0, the maximal function is in Li. 

3. Conditional Lp spaces 

Once we know which amalgamated Lp spaces are Banach spaces it is natural 
to investigate their dual spaces. We assume as above that A/" is a von Neumann 
subalgebra of M and E : M ^ JV is a. normal faithful conditional expectation. Let 



l|a;||LP^ „j(A4,E) sup|||aa;6||L,(7W) | ||a||L„(AA), II^I|l„(aA) < l|- 

In our next result we show that amalgamated and conditional Lp are related by 
anti-linear duality. This will allow us to translate the interpolation identities in 




1/s = l/u+ 1/p+l/v < 1. 

The conditional Lp space 
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Theorem A in terms of conditional Lp spaces. In this context the correct set of 
parameters is given by 



Ko = <^ (1/-U, 1/v, l/q) e K I 2 < u,!; < oo, 1 < g < oo, l/u + 1/ q + l/v < I 



Theorem B. Let I < p < oo given by l/q' = l/u+ l/p+ l/v, where the 
indices {u,q,v) belong to the solid Kg and q' is conjugate to q. Then, the following 
isometric isomorphisms hold via the anti-linear duality bracket {x,y) — tr(x*y) 



As we shall see, Theorem B generalizes the interpolation results obtained by 
Pisier [39j and Xu [62] mentioned above. Pisier and Xu's results provide an explicit 
expression for the operator space structure of [Cp,R''p]e with < 6 < 1. Theorem B 
also provides explicit formulas for [i^, Cp]g and [£p, Rpje- In fact, a large variety of 
interesting formulas of this kind arise from Theorem B. A detailed analysis of these 
applications is out of the scope of this paper. On the other hand, the analogue 
of Theorem B for p = oo (which we will investigate separately) has been already 
applied to study the noncommutative John-Nirenberg theorem |18| . 

Exactly as it happens with amalgamated Lp spaces, several noncommutative 
function spaces arise as particular forms of conditional Lp spaces. Let us review 
the basic examples in both cases. 

(a) The spaces Lp{A4) satisfy 



Lp{M) = L^{N)Lp{M)L^{N) and Lp{M) = i^^,^)(A^, E). 

(b) The spaces Lp(7Vi;Lg(7V2)): 

• Let p < q and 1/r ~ 1/p — l/q. Then 

LpiMi; L^{M2)) = L2r{,Ml)Lq{Nl®N2)L2rWl)- 

• Let p > q and 1/r ^ l/? ^ Then 

LpiMi; Lg{M2)) = i^2^ 2r)(-^i'^-^2, E), 
where E : A/i(8iA/'2 —> Ni is given by E = Itv'i (X" '■PMi ■ 

(c) The spaces Lp{M, E) and Lp{M, E): 

• Let 1 < p < 2 and 1/p = 1/2 + 1/s. Then 

L;(M,E) = Ls{Af)L2{M)Loo{Af), 
L;iM, E) = L^iM)L2iM)L,iN-). 

• Let 2 <p < oo and 1/p + 1/s = 1/2. Then 



{L^iM)L,{M)L,{M)y ^ Ll^^^iM,E), 
{Ll ,^){M, E))* = L^iJV)L,iM)L,m 



In particular, we obtain isometric isomorphisms 



l;{M,E)^ Ll^^^{M,E) 
LliM,E)= Ll^^^^iM,E). 



INTRODUCTION 



7 



In particular, taking E„(xi, a;„) = ^ Xk we find 

LpiM;C;) = V^i^(C(X),E„)- 

(d) As we shall see through the text, asymmetric Lp spaces (a non-standard 
operator space structure on Lp which will be crucial in this paper) also 
have representations in terms of amalgamated or conditional Lp spaces. 



Intersection spaces 



Intersection of Lp spaces appear naturally in the theory of noncommutative 
Hardy spaces. These spaces are also natural byproducts of Rosenthal's inequality 
for sums of independent random variables. Let us first illustrate this point in the 
commutative setting and then provide the link to the spaces defined above. Let 
us consider a finite collection /i, /2, . . . , /n of independent random variables on a 
probability space (f2, JF, /i). The Khintchine inequality implies for < p < oo 



f. n 



E 



k=l 



Therefore, Rosenthal's inequality |50| gives for 2 < p < oo 



(Sp2) 



n 



k=l 



Here (sfc) is an independent sequence of Bernoulli random variables equidistributed 
on ±1. We can easily generalize this result for calculating £q sums of independent 
random variables. Indeed, consider 1 < g < p < oo and define ffi, (72: • • ■ , 5™ by the 



relation g^. = l/fel'/^ for 1 < fc < n. 
index s — 2p/q 



Then we have the following identity for the 



n E 1 p 



n 

E 

k=l 



9k\ 



dfi 



Therefore ( T,p2 ) implies 



Li 



fc=i 



\fk\' ^dy^ 




In particular, Rosenthal's inequality provides a natural realization of 

j;\{n)^n^Lp{n)fMi^Lq{Sl) 

into Lp{Q; P^). More precisely, if /i, /2, . . ■ , /« are taken to be independent copies 
of a given random variable /, the right hand side of (Sp^) is the norm of / in the 
intersection space Jp q{^) and inequality (Spq) provides an isomorphic embedding 
of J^^q{VL) into the space Lp{VL-P^). 

Quite surprisingly, replacing independent variables by matrices of independent 
variables in (Sp,) requires to intersect four spaces using the so-called asymmetric 
Lp spaces. In other words, the natural operator space structure of Spq comes from 
a 4-term intersection space. We have already encountered such a phenomenon in 
for the case g = 1. To justify this point, instead of giving precise definitions 
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we note that Hcilder inequality gives Lp = L2pL2p, meaning that the p-norm of / 
is the infimum of ||.g||2p|j/i|l2p over aU factorizations f — gh. If and Lp denote 
the row and column quantizations of Lp (see Chapter [1] for the definition), the 
operator space analogue of the isometry above is given by the complete isomctry 
Lp — L2pL2p, see Chapter [7] for more details. In particular, according to the 
algebraic definition of Lp{£q), the space has to be redefined as the product 

'^p"? = {^^Ll2pnn^L^2q){n^^p^n^^g)- 
We shall see in this paper that 

Jp,g = n^LlpL'^p n n^+*L^gL^p n n^+^^Ll^L'i^ n n'^ L^2gL2g- 
On the Banach space level we have the isometrics 

L'2pL'2g = Ls = L^2gL^2p with 1/ s = l/2p + l/2q. 
Moreover, again by Holder inequality it is clear that 

ll/lls < max|np||/||p,n9||/||,|. 

Therefore, the two cross terms in the middle disappear in the Banach space level. 
However, replacing scalars by operators in the context of independence/freness over 
a given von Neumann subalgebra, the Banach space estimates from above are no 
longer valid and all four terms may have a significant contribution. 

It is the operator space structure of J^p^ what originally led us to introduce 
amalgamated and conditional Lp spaces. To be more precise, we consider a von 
Neumann algebra A4 equipped with a normal faithful state ip and a von Neumann 
subalgebra J\f with associated normal faithful conditional expectation E. Then, if 
we fix 1 < q < p < cx), we define 

Jp-JM,E)^ fl ni+^+i Ll^^^{M,E) with l/r=l/q-l/p. 

u,v^{2r,oo} 

This definition is motivated by the fundamental isometry 

(3) = JpjM^ (g> M, 1m,„ ® f), 

which will be proved in Chapter [71 Some preliminary results on Jp q{M.) (and 
vector- valued generalizations) are already contained in the recent paper [19j . We 
extend many results from [19] to the realm of free random variables including the 
limit case p — oo. Our main result for the spaces Jp q{M, E) shows that we have 
an interpolation scale with respect to the index 1 < q < p. 

Theorem C. If I < p < oo, then 

[j;Am, e),j;jm, e)], j;^^{m, e) 

with 1/q = 1 — + 0/p and with relevant constants independent of n. 

There seems to be no general argument to make intersections commute with 
complex interpolation. For commutative Lp spaces or rearrangement invariant 
spaces one can often find concrete formulas of the resulting interpolation norms, 
see [29] . However, in the noncommutative context these arguments are no longer 
valid and we need genuinely new tools. Theorem [C] is the new key ingredient in the 
positive solution of Problem 2. 
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5. Main embedding theorem 

The central role played by Rosenthal inequality partially justifies why the index 
p must be finite in the commutative form of (Spg). This also happens in [19] . where 
we used the noncommutative Rosenthal inequality from j22j . However, mainly 
motivated by Problems 2 and 3, one of our main goals in this paper is to obtain a 
right formulation of (Eooij)- As in several other inequalities involving independent 
random variables, such as the noncommutative Khintchine inequalities, the limit 
case as p — > oo holds when replacing classical independence by Voiculescu's concept 
of freeness i60i. Therefore, it is not surprising that we shall use in our proof the free 
analogue of Rosenthal inequality |20j . Following (Spq) we have a natural candidate 
for a complemented embedding of in Lp{C^) using free probability. 

We define to be the direct sum for 1 < fc < n. Then we consider the 
reduced amalgamated free product A — *M'Ak where the conditional expectation 
Ejv : A ^ Af has the form E_\f{xi,X2) = ^(E{xi) + E(a;2)) when restricted to the 
algebra A^. Let TTfc : Afc — > ^ denote the natural embedding of A^ into A. Moreover, 
given X G A4 we shall write Xk as an abbreviation of Trk{x, —x). Note that Xk is a 
mean-zero element for 1 < k < n. Our main embedding result reads as follows. 

Theorem D. Let I < q < p < oo. The map 

n 

u:xe Jp^giM, E) ^ Xfc (g) 4 € Lp{A; Q 

k=l 

is an isomorphism with complemented image. The constants are independent of n. 

The map u is of course reminiscent of the fundamental mappings employed in 
[13^ I15|, 119] constructing certain embeddings of Lp spaces. Theorem ICl follows as 
a consequence of Theorem [D] using the fact that 

Lp{A,e''g) = [Lp{Aj^),Lp{A,e;)]g. 

We have tried in vain to prove Theorem |D] directly using uniquely tools from free 
probability. The methods around Voiculescu's inequality seem to work perfectly fine 
in the limit case p = oo, for which there is no commutative version. However, basic 
tools from free harmonic analysis are still missing for a direct proof of Theorem 
Id] Instead, apart from the free analogue [20] of Rosenthal inequality, we also use 
factorization techniques and interpolation results for noncommutative Hardy and 
BMO spaces, see chapter [5] for further details. 

The interested reader might be surprised that we have not formulated our 
results in category of operator spaces. However, as so often in martingale theory 
these results are automatic, provided the spaces carry the correct operator space 
structure, given in this case by Q and 

5™(Lp(*fcAfc;^^)) =Lp(M™®(*feAfc);^;') 

where the von Neumann algebra A is now given by 

-4 *M,„ Afc with Afc = M„j (g) Afc = (M„ M) ® (M^ (g) M) . 

The trick is to write matrix norms as modular versions of scalar norms. Theorem 
Id] is already formulated in its modular version. Therefore, we may replace bounded 
(complemented) by cb-bounded (cb-complemented) for free. Theorem |D] shall be 
the starting point for a positive solution of Problem 3 in a forthcoming paper. 
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Background and notation. We shall assume certain familiarity with the theory 
of von Neumann algebras. Other branches of operator algebra that are central 
for us are operator space theory, noncommutative integration and free probability. 
We will define some basic concepts of these theories along the paper. We shall 
also use quite frequently Calderon's complex interpolation method [l], Haagerup's 
approximation theorem [10 , the Grothendieck-Pietsch separation argument j38j 
or Raynaud's results on ultraproducts of noncommutative Lp spaces 49 . Some of 
these techniques will be introduced along the text. The inner products and duality 
brackets ( , ) will be anti-linear on the first component and linear on the second 
one. Apart from this and the terminology introduced along the paper, we shall use 
standard notation from the literature such as e.g. \42\ 155) . 
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CHAPTER 1 



Noncommutative integration 

In this chapter we review some basic notions on noncommutative integration 
that wiU be frequently used through out this paper. We begin by recalhng Haagerup 
and Kosaki's constructions of noncommutative Lp spaces. Then we briefly introduce 
Pisier's theory of vector-valued noncommutative Lp spaces, giving some emphasis 
to those aspects which are relevant in this work. Finally, we analyze some basic 
properties of certain Lp spaces associated to a conditional expectation, which were 
recently introduced in the literature and are basic for our further purposes. We 
shall assume some familiarity with von Neumann algebras. Basic concepts such as 
trace, state, commutant, affiliated operator, crossed product... can be found in |25j 
or |55| and will be freely used along the text. 

1.1. Noncommutative Lp spaces 

Noncommutative Lp spaces over non-semifinite von Neumann algebras will be 
used quite frequently in this paper. In the literature there exist two compatible 
constructions of Lp in such a general setting: Haagerup Lp spaces and Kosaki's 
interpolation spaces. These constructions and the associated notion of conditional 
expectation will be considered in this section. 

1.1.1. Haagerup Lp spaces. A full-detailed exposition of this theory is given 
in Haagerup [llj and Terp [56j papers. We just present the main notions according 
to our purposes with an exposition similar to |22j . A preliminary restriction is that, 
in view of our aims, we can work in what follows with normal faithful {n.f. in short) 
states instead of normal semifinite faithful {n.s.f. in short) weights. 

Let A4 he a von Neumann algebra equipped with a distinguished n.f. state 
(p. The GNS construction applied to (p yields a faithful representation p oi Ai into 
B(Ti.) so that p{M) is a von Neumann algebra acting on Ti with a separating and 
generating unit vector u satisfying ip{x) — {u,p{x)u) for all a; G A^. Let us agree 
to identify Ai with p{Ai) in the following. Then, the modular operator A is the 
(generally unbounded) operator obtained from the polar decomposition S — JA^/^ 
of the anti-linear map S : A4u A4u given by S{xu) — x*u, see Section 9.2 in |25| 
or [53j . We denote hy at '. M A4 the one-parameter modular automorphism 
group associated to the separating and generating unit vector u. That is, for any 
i G M we have an automorphism of M given by 

at{x) = A^'xA-'*. 

Then we consider the crossed product TZ — A4 Xo- M, which is defined as the 
von Neumann algebra acting on L2(M;7i) and generated by the representations 
■k:M^ e(L2(R; H)) and A : K ^ B{L2{R; U)) with 

{it{x)0 it) = a.t{x)m and (A(s)^) (t) = - 

11 
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for i e M and ^ G L2(M;?i). Note that the representation tt is faithful so that we 
can identify Al with 7r(Al). The dual action of R on 7?. is defined as follows. Let 
W : R ^ BiL2iR;n)) be the unitary representation (W(t)C)(s) = e-**''^(s). Then 
we define the one-parameter automorphism group at : TZ TZhy 

It turns out that A4 is the space of fixed points of the dual action 

M = ^x en \ at{x) = X for aU t e r|. 

Following [36j , the crossed product 7?. is a semifinite von Neumann algebra and 
admits a unique n.s.f. trace r satisfying t o at = e~*T for all t S R. Let Lq{TZ,t) 
denote the topological *-algebra of r-measurable operators affiliated with TZ and 
let < p < cxD. The Haagerup noncommutative Lp space over M is defined as 

Lp{M,(f) = |x e Lq{TZ,t) I at{x) = e'^/^x for aU t e r|. 

It is clear from the definition that Loo{M, tp) coincides with M. Moreover, as it is 
to be expected, Li{M, tp) can be canonically identified with the predual A^* of the 
von Neumann algebra A4. This requires a short explanation. Given a n.s.f. weight 
uj e M^, the dual weight a) : TZ+ [0, oo] is defined by 



uj{x) — uj(^ o's{x) ds^ 



Note that, by the translation invariance of the Lebesgue measure, the operator 
valued integral above is invariant under the dual action. In particular, it can be 
regarded as an element of A^. As a n.s.f. weight on TZ and according to [36] . the 
dual weight ui has a Radon-Nikodym derivative h^^ with respect to t so that 

Lj{x) = T{h^x) 

for any x E TZ+. The operator huj so defined belongs to Li{Ai, (p)+. Indeed, 

T{hi^at{x)) = iLj(^ j as{at{x))dsj ^ uj(^ j as{x)dsj ^T{h^x). 
In particular, 

T{at{h^)at{x)) = e^*'T{h^x) = e^'-T{h^at{x)) for all x £ TZ, 

which implies that at{hi^) — e^^h^. Therefore, there exists a bijection between 
Ait and Ll{A4,(p)-^- which extends to a bijection between the predual Al» and 
Li{M,ip) by polar decomposition 

lli — u\u!\ e M^, i-^ M^it^i — £ Li{M,(p). 

In fact, after imposing on Li(M, Lp) the norm 

WKh = 1^1(1) = II^IIa^., 

we obtain an isometry between Al, and Li{Ai,ip). There is however a nicer way 
to describe this norm. As we have seen, for any x g Li(Al, ip) there exists a unique 
LOx € Al* such that h^^ — x. This gives rise to the functional tr : Li(Al,i^) — > C 
called trace and defined by 

tr(x) = 
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The functional tr is continuous since |tr(x)| < tr(|x|) — \\x\\i and satisfies the 
tracial property 

iT:(xy) = tr(yx). 

Our distinguished state (p can be recovered from tr as foUows. First we note as 
above that its dual weight (p admits a Radon-Nikodym derivative with respect 
to r, so that 'f>{x) ~ T(I)^px) for x € TZ^. Then, it turns out that 

ip{x) ^ tr{I)^x) for X e M. 

According to this, we will refer in what follows to Dip as the density of tp. Moreover, 
we shall write D instead of D^p whenever the dependence on ip is clear from the 
context. Given < p < oo and x e Lp{A4, p), we define 

||x||p = (tr|a;|P)^^^ and ||a;||oo = ||a:||A^- 
II lip is a norm (resp. p-norm) on Lp{A4, p) for \ < p < oo (resp. < p < 1). 

Lemma 1.1. The Haagerup Lp spaces satisfy the following properties: 

i) If < p, q,r < oo with 1/r = l/p + I /q, we have 

||a;?/||r < ||2:||p||2/||g for all x £ Lp{M, ip), y E Lg{M, p). 

ii) If ^ 1^ P < oo, Lp{A4, p)* is isometrically isomorphic to Lp>{A4,p) via 

X e Lp,{M,p) i-> tr(x* •) e Lp{M,p)*. 

An element x G A4 is called analytic if the function t € M i-^ o-t{x) G Ai 
extends to an analytic function z e C az{x) € A4. By |36) we know that the 
subspace A^a of analytic elements in A^ is a weak* dense *-subalgebra of A4. The 
proof of the following result can be found in [22J. It will be useful in the sequel. 

Lemma 1.2. If < p < oo, we have 

i) A4aD^/P is dense in Lp{M,p). 

ii) D(i~'')/PA^aD''/P = 7WaDi/P for all <?]<!. 

1.1.2. Kosaki's interpolation. The given definition of Haagerup Lp space 
has the disadvantage that the intersection of Lp{A4, p) and Lg(A4, p) is trivial for 
p ^ q. In particular, these spaces do not form an interpolation scale. All these 
difficulties disappear with Kosaki's construction. As above, we only consider von 
Neumann algebras equipped with n.f. states. The general construction for any von 
Neumann algebra can be found in [26^ and [57J. Let us consider a von Neumann 
algebra ^A equipped with a n.f. state p. First we define 

Li{M)^MT- 

Note that the natural operator space structure for Li{Ai) requires to consider 
instead of A4*, we refer the reader to [42j for a detailed explanation. Then, given 
any real number i, we consider the map 

jt : X e M atix)p e Li{M) with (at{x)p){y) = p{atix)y). 

According to |26j there exists a unique extension jz ■ -M ^ Li{A4) such that, 
for any < < 1, the map j-irj is injective. In particular, (j_i^(A^), Li(A^)) is 
compatible for complex interpolation and we define the Kosaki noncommutative Lp 
spaces as follows 

£p{M,p,T]) = [j_„,(A1),Li(A4)] 1 
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by specifying 



\\x\\o ^ \\j-l^{x)\\M and \\x\\i ^ \\x\\l,{m)- 



The following result was proved in [llj except for the last isometry ^26;. 

Theorem 1.3. Let 1 < p < oo and let M. be any von Neumann algebra: 

i) //vi </'2 two n.f. states on Ai, we have an isometric isomorphism 



According to Theorem II. 3i Haagerup and Kosaki noncommutative Lp spaces 
can be identified. We shall write Lp{Ai) to denote in what follows any of the spaces 
defined above. In particular, after the corresponding identifications, we may use 
the complex interpolation method for Haagerup Lp spaces. We should also note 
that Kosaki's definition of Lp presents some other disadvantages. The main lacks in 
this paper will be the absence of positive cones and the fact that the case < p < 1 
is excluded from the definition. In particular, we will use Haagerup Lp spaces and 
we will apply Theorem 11.31 when needed. 

1.1.3. Conditional expectations. Let us consider a von Neumann algebra 
M equipped with a n.f. state (p and a von Neumann subalgebra N oi M.. A 
conditional expectation E : ^ A/" is a positive contractive projection. E is 
called faithful if E{x*x) ^ for any x € M. and normal when it has a predual 
E, : A^, ^ TV*. According to Takesaki |54| . if A/" is invariant under the action of 
the modular automorphism group (i.e. at{M) C N for all t € M), there exists a 
unique faithful normal conditional expectation E : A4 — > A/" satisfying (p o ^ = Lp. 
Moreover, by Connes [4] it commutes with the modular automorphism group 



The required invariance of A/" under the action of at implies that the modular 
automorphism group associated to M coincides with the restriction of a to A/". It 
follows that A/" Xct is a von Neumann subalgebra of A^ Xg- K. In particular, the 
space Lp{M) can be identified isometrically with a subspace of Lp(A^), see |22j 
for details. In this paper we shall permanently assume the existence of a normal 
faithful conditional expectation E : A^ ^ M . 

It is well-known that in the tracial case, the conditional expectation E extends 
to a contractive projection from Lp(A4) onto Lp[M) for any 1 < p < cxd, which is 
still positive and has the modular property E(axb) = aE(x)b for all a,b d J\f and 
X £ Lp{M). These properties remain valid in this context. We summarize in the 
following lemma the main properties of E that will be used in the sequel and refer 
the reader to [22j for a proof of these facts. 

Lemma 1.4. Let M. and M be as above: 

i) Lf 2 < p < oo and x G Lp{M), we have E(a;)* E(a;) < E{x*x). 

ii) If ^ 1^ P 1^ oo, E : Lp{M) Lp(N) is a positive contractive projection. 



Lp{M,ipi) = Lp{M,(p2)- 
ii) Lf ip is a n.f. state and < 77 < 1, we have an isometric isomorphism 
Lp{M,ip) ^ Cp{M,ip,ri). 
More concretely, given x £ M 




E O (Tt = CT4 O E. 
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iii) If 1 < p < oo and x Cz A4, 

Ein^/Px) = D^/PE{x) and E{xD^^p) = E{x)D^/p. 

iv) If a £ Lp{Af),xe Lq{M),be Lr{N) anrf i + i + i < 1, E{axh) = aE{x)h. 



1.2. Pisier's vector-valued Lp spaces 



Noncommutative vector- valued Lp spaces iyp(A^;X) appeared quite recently 
with Pisier's work |41| . The reason for the novelty of such a natural concept lies 
in the fact that X must be equipped with an operator space structure rather than 
a Banach space one. Moreover, many natural properties such as duality, complex 
interpolation, etc... must be formulated in the category of operator spaces. Let us 
begin by recalling the concept of operator space. 

1.2.1. Operator spaces. Operator space theory plays a central role in this 
paper. It can be regarded as a noncommutative generalization of Banach space 
theory and it has proved to be an essential tool in operator algebra as well as in 
noncommutative harmonic analysis. An operator space X is defined as a closed 
subspace of the space B{Ti) of bounded operators on some Hilbert space Ti. Let 
M„(X) denote the vector space of n x n matrices with entries in X. According to 
Ruan's theorem |52j . an operator space X comes either with a concrete isometric 
embedding j : X ^ B{Ti) of with a sequence of norms on M„(X) for n > 1 satisfying 



Ruan's axioms [9l \42\ I52j describe axiomatically those sequences of matrix norms 
which can occur from an isometric embedding into B{Ti.). Any such sequence of 
norms provides X with a so-called operator space structure. Every Banach space 
can be equipped with several operator space structures. In particular, the most 
important information carried by an operator space is not the space itself but the 
way in which it embeds isometrically into B{'H). For this reason, the main difference 
between Banach and operator space theory lies on the morphisms rather than on the 
spaces. The morphisms in the category of operator spaces are completely hounded 
linear maps it : X — > Y. That is, linear maps satisfying that the quantity 



is finite. In this paper we shall assume some familiarity with basic notions such 
as duality, Haagerup tensor products, the OH spaces... that can be found in the 
recent books [9l |42] . 

1.2.2. The hyperflnite case. Before any other consideration, let us recall 
the natural operator space structure {o.s.s. in short) on Lp{Ai). Proceeding as in 
Chapter 3 of [41J, we regard as a subspace of B{Ti) with Ti. being the Hilbert 
space arising from the GNS construction. Similarly, by embedding the prcdual 
von Neumann algebra M..^, on its bidual A^*, we obtain an o.s.s. for A^*. The 
o.s.s. on Li{M) is then given by that of A^°^, see page 139 in 42J for a detailed 
justification of this definition. Then, the complex interpolation method for operator 
spaces developed in }40j provides a natural o.s.s. on Lp{M.) 




l|w||c6(X,Y) = sup \\idM„ ® U 



e(M„(X),M„(Y)) 



Lp{M) = [L^{M),Li{M)\ 



i/p 



i/p- 
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Let US now describe the natural operator space structure for vector- valued Lp 
spaces. Let M. be an hyperfinite von Neumann algebra and let X be any operator 
space. Then, recalling the definitions of the projective and the minimal tensor 
product in the category of operator spaces, we define 

Li(7W;X) = Li(X)iX and Loo(M; X) = ioo(M) <8mi„ X. 

Then, the space Lp(Al;X) is defined by complex interpolation 

Lp(Al;X) = [Loo(X;X),Li(X;X)]^/^. 

As it was explained in |41| , the hyperfiniteness of Ai leads to obtain some expected 
properties of these spaces. We shall discuss the non-hyperfinite case in the next 
paragraph. We are not reviewing here the basic results from Pisier's theory, for 
which we refer the reader to Chapters 1,2 and 3 in ^41 . 

Let us fix some notation. R and C denote the row and column operator spaces 
(c./. Chapter 1 of ,42 ) constructed over ^2- Identifying ^(£2) (via the canonical 
basis of -^2) with a space of matrices with infinitely many rows and columns, R and 
C are the first row and first column subspaces of B{£2)- Similarly, if 1 < p < cxd and 
Sp denotes the Schatten p-class over ^2, the spaces Rp and Cp denote the row and 
column subspaces of Sp. The finite-dimensional versions over ^2 will be denoted 
by i?p and respectively. Note that, as in the infinite-dimensional case, we have 
Rn = R^D and C„ — C^. Given an operator space X, the vector- valued Schatten 
classes with values in X will be denoted by Sp{X) and Sp{X) respectively. Among 
the several characterizations of these spaces given in |41| , we have 

Sp{X) = Cp®h^®hRp and S;{X) = Cl^®hX®hR;- 

1.2.3. The non-hyperfinite case. One of the main restrictions in Pisier's 
theory [41j comes from the fact that the construction of Lp{Ai;X) requires A4 to 
be hyperfinite. This excludes for instance free products of von Neumann algebras, a 
very relevant tool in this paper. There exists however a very recent construction in 
[17j of Lp{A4;X) which is valid for any QWEP von Neumann algebra. Nevertheless, 
since we only deal with very specific operator spaces, we briefly discuss them. 

The spaces Lp{M;Rp) and Lp{M; C^). As we explained in the Introduction, 
these spaces are of capital importance. Let us recall that the spaces i?p(X) and 
Cp (X) are defined as subspaces of S'p(X) for any operator space X. Therefore, 
motivated by Fubini's theorem for noncommutative Lp spaces [41] . we obtain the 
following definition valid for arbitrary von Neumann algebras 

Lp{M;R;)^R;{Lp{M)) and Lp{M;C;) ^ C;{Lp{M)). 

These spaces appear quite frequently in the theory of noncommutative martingale 
inequalities. However, in that context they are respectively denoted by Lp(A^;^2) 
and Lp(A^;^2)j see e.g. |44| or |46j for more details. 

The spaces Lp{M;ig). The spaces Lp{M;ii) and Lp{M]P'^) where defined 
in [14] for general von Neumann algebras to study Doob's maximal inequality for 
noncommutative martingales. Indeed, since the notion of maximal function does 
not make any sense in the noncommutative setting, the norm in Lp{Q) of Doob's 
maximal function 

rn = sup|/„Hi 

n>l 
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was reinterpreted as the norm in Lp{Q] £00) of the sequence (/i, /2, ■ • ■)■ This was 
the original motivation to study the spaces Lp{M;£i) and Lp{M; £00) ■ A detailed 
exposition of these spaces can also be found in [23 . The spaces Lp{A4;t^) will be 
of capital importance in the last chapter of this paper, where we shall obtain our 
main results. These spaces where recently defined in |24) over non-hyperfinite von 
Neumann algebras as follows 

Lp{M;e^)^[LpiM;£l,),LpiM;£^,)],. 

This formula trivially generalizes by the reiteration theorem [l] . A relevant property 
of these spaces proved in [24] is Fubini's isometry Lp{M;£p) = £p{Lp{M)). It 
is also proved in [24j that Pisier's identities hold. In other words, defining the 
auxiliary index 1/r = \l/p— l/g| we find 

i) If p < q, we have 

Ikllpq = inf |||a||L2,(Ai)ll2/||L,(.M;£j)ll/3||L2,(A^) I X = ayf3y 

ii) If p > q, we have 

l|a;||pg = sup|||a?//^||i^(A^.^j) I a,/3 G Bi,^(^)|. 
Remark 1.5. Let M be an hyperfinite von Neumann algebra and 

Bp{M;n) = [Lp{M;C;), Lp{M; R;)] 

According to [41) . we have 

Ap{M;n) = Lp{M; 0H„) = Bp{M;n). 

It is therefore natural to ask whether these identities remain valid with our definition 
of Lp{Ai; 0H„) for non-hyperfinite Ai. This is indeed the case since, following the 
same terminology already defined in the Introduction, we have 

i) If 1 < P < 2 and 1/p = 1/2 + we have 

Ap{M;n) = L2g{M)f^{L2{M))L2g{M) = Bp{M;n). 

ii) If 2 < p < 00 and 1/2 = l/p+ 1/q, we have 

ApiM;n) = V^i^^^ ^g) ^n) - Bp{M;n), 

where E„ is given by E„ : a^fc ^ 4 e £Z^{M) i-> ^ Y.k=i e M. 

The isometric identities for the Ap's follow from Pisier's identities above while the 
identities for the Bp's follow from [62j or Theorem 13.21 below. Thus, we agree to 
define the o.s.s. on Lp{A4; 0H„) as any of the interpolation spaces above. 

Remark 1.6. As we shall see through this paper, all the spaces mentioned so 
far arise as particular cases of our definition below of amalgamated and conditional 
Lp spaces. 
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1.3. The spaces Up{M,E) and L'p{M,E) 

The spaces Lp{A4, E) and Lp{A4, E) were introduced in (14j . where they turned 
out to be quite useful in the context of noncommutative probabihty. Both spaces 
wiU play a central role in this paper since they are the most significant examples 
of the so-called amalgamated and conditional Lp spaces, to be defined below. Let 

be a von Neumann algebra equipped with a n.f. state ip and let A/" be a von 
Neumann subalgebra of M . Let E : — > A/" denote the conditional expectation of 
M. onto Af. Then, given 1 < p < oo and {a, a) E J\f x M, we define 



(1.1) 



laDp alL , , , . — llaDp E(aa*")Dp a* II ,,,,, 
I IIl;(ai,E) II ^ ^ llLp/2(Ar)' 

laDpalL^,^ p, = ||q;*Dp E(a*a)Dp al' 



\L-{M,E) II" ^ "-^^ "llLp/2(AA)- 

Lp{M, E) and Lp{M, E) will stand for the completions with respect to these norms. 



Remark 1.7. Note that for 1 < p < 2 we have < p/2 < 1 so that we are 
forced to use Haagerup Lp spaces in the definition (|l.ip . On the other hand, let 
us note that the assumption x S AfD^^^M (resp. x e AdD^^^M) is not needed to 
define the norm of x in L^{A4, E) (resp. Lp{A4, E)) for 2 < p < oo. Indeed, given 
X e Lp{M) we can define 

||a:^l|L;(Ai,E) = || E(a;a::*) H^^^'^^^^ and ||2;||ie(^_E) = ||E(x*x)||^/'^(^^. 

In that case E{xx*) and E{x*x) are well-defined and 

max{||E(xx*)i/2||^^^^^,||E(a;*a;)i/2||^^(^j} < \\x\\l^(^m)- 

Hence, by the density of UD^^pM and MB^/'pU in Lp{M), we obtain the same 
closure as in (jl.ip . However, in the case 1 < p < 2 the conditional expectation E is 
no longer continuous on Lp^2{-^) so that we need this alternative definition. 

The duahty of L^iM, E) and L^^M, E) was studied in [14] . For the moment 
we just need to know that, given \ < p < oo, the following isometrics hold via the 
anti-linear duality bracket {x,y) — tr(a;*y) 

.^ L;iM,Er - L;,iM,E), 

^ ' L;iM,Er = L;,iM,E). 

Lemma 1.8. If 2 <p < oo and 1/2 = 1/p-l- l/s, we have 

\\x\\l;{M,e) ^ sup|||aa:||L2(Ai) I ||a||L,(AA) < l}, 
\Ml-{m.e) = sup|||a;/3||i,(^) I ||/3||l^(aa) < l}. 

Proof. Given x G Lp(Al, E), the operator E{xx*) is positive. Hence 

l|a;|li;(A4,E) = sup|tr(aE(a;a;*)) I a > 0, |la||i^^^^j,(jvr) < l| 
= sup|tr(aE(a;a;*)a*) | \\a* a\\L^^^^^,(^^) < l| 
= sup|tr(axa;*a*) | \\a*a\\L^^^^y{j\r) < l} 
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sup 



{« 



\L2{M) 



"Hi 



2(p/2)' 



<1 



M' 



Finally we recall that s = 2(p/2)'. The proof for Lp{A4, E) is entirely similar. □ 

As usual, we shall write L^(A^) = S(L2(A^),C) and mM) = B{C,L2iM)) 
to denote the row and column Hilbert spaces over L2{A4)- Both spaces embed 
isometrically in B{L2{A4)). Hence, they admit a natural o.s.s. Given any index 
2 < p < 00, we generalize these spaces as follows. According to the definition of 
Haagerup Lp spaces, we may consider the contractive inclusions 

jr : X G M 1-^ Bix€L2{M), 
jc-x&M ^ xD^ e L2{M). 

Then we define for 2 < p < oo 

Ll{M) = [jr{M),L^2iM)]2 with ||a;||o = ||D-V2a;| 

^^■^^ L;{M) = [j,{M),mM)]l with ||a;||o= ||a;D-V2| 

p 

Note that L^{M) = Lp{M) = Lp{M) as Banach spaces. 

Let Af he a von Neumann subalgebra of A4. Then, given 2 < u,q,v < oo, 
we consider the closed ideal Ti in the Haagerup tensor product L^^iAf) (E)h Lg{A4) 
generated by the differences X"f ® y — x ® ^y, with x S L'^{J\f), y G L'^{M) and 
J G Af. Similarly, we consider the closed ideal I2 in L'^{M) 0/, Ll{Af) generated 

by the differences x^®y — x® jy, with x G iJ^(A^), y G L^(A/') and 7 G Af. Then, 
we define the amalgamated Haagerup tensor products as the quotients 

LI{M)®^mL'^,{M) = Ll{M)®HL'i^{M)/li, 

L\{M)®u,hLl{M) = L\{M)®hLl{N)/l2- 

Let ai, a2, . . . , &,„ G Lu{Af) and bi,b2, ■ ■ ■ ,bm G Lq(AA). Using that the Haagerup 
tensor product commutes with complex interpolation, it is not difficult to check 
that the following identities hold 



^(Xfe (g) eifc 
fe=i 

m 

^ efel O bk 



k=l 



III- 

fc=l 

m 



k=l 



L,(M) 



Let us write Sr{a) = {J2k afeOfe)^^^ and Sc{b) = {J2k ^l^kf''^- Then, following the 
definition of the Haagerup tensor product, the norm of x in L'!^{J\f) ®j^^h Lq{M.) 
can be written as 



inf 



{||'5r(a) 



\Sc{b)\ 



m 

k=l 



where ~ means that the difference belongs to Ii. Similarly, given ei, 62, . . . , Cm in 
Uq{M) and /i, /2, • • • , /m in L'^{Af), we can write the norm of an element x in the 
space ig(A^) ®M,h L%{Af) as follows 



inf 



{115.(6)1 



L,(M) 



\ScU)\ 



fe=i 



•fk]- 
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1. NONCOMMUTATIVE INTEGRATION 



Lemma 1.9. The following identities hold 

inf I 

x=ay 

\\A\q-v = inf l|j/|U,(M)l|/?l|i„(A/-)- 
Proof. The upper estimates 

||a;||„.g < inf ||q!||l„(jv-)I|2/IU,(M), 

\x%-v < inf ||y||i,,(M)||/3||i,4Ar), 

are trivial. We only prove the converse for the first identity since the second identity 
can be derived in the same way. Let us assume that < 1. Then we can find 

ai,a2, . . . ,am & Lu{M) and bi, 62, . . . , 6^ € Lq{M) such that 



fe=i 



li„(A/-) 



If D denotes the density associated to ip, we define 

, 1/2 



Sr{a) = [Y1 "-^"-k + '^D^/'') with 5 > 0. 



k=l 



Since suppD = 1, Sr{a) is invertible and wc can define by = Sr{a)ak so that 



*\l/2 



< 1. 



The amalgamation over M allows us to write 

m m 
fe=l k=l 

for any possible decomposition of x. Then, we have 

m 

Moreover, applying the triangle inequality we obtain 
In summary, we have 



< ||iSr(a)| 



inf l|a||i,„(A/-)l|y||L,(7M) < \/||'5r(a)||^ + (5 \\Sc{b)\ 



This holds for any decomposition x ~ afe bk- We conclude letting ^ — > 0. □ 

Proposition 1.10. Let2 <p <oo and 2 < s < 00 related by 1/2 = l/p+ 1/s. 
Then, we have the following isometries 

l;,{m, e) = l;{m, e)* = li{M), 
l;,{m, e) = l;{m, e)* = li{m) ®M,h 
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Proof. As we have already said, the isometries 

L;,{M,E)^L;{M,Er, 

L;,{M,E) = L;{M,Er, 

were proved in ,jL4j. Now let us consider an element x E Ll{J\f) ^Af^h L2{M) and 
let X = ay he a. decomposition with a E Ls{N') and y E L2{Ai). Then, p.2p and 
Lemma [L8] provide the following inequality 

\\x\\l-,{m.e) = sup|tr(a*z?/*) | sup h^^lUalAi) < if < ll"IU.(A')l|y|U2(A^)- 

According to Lemma 11.91 this proves that 

id: X E i^CA/") (E)Af,h L^iM) ^ x E Lp,{M, E) 

is a contraction. Reciprocally, let us consider an element of the form x — ^D^/^ a 
with ^ E M and a E Ai. Then, given any S > 0, we consider the decomposition 
X — asys with as and ys given by 

,7/2 



as — E{aa* + 5l)T)7 \ and ys ^ x 



wi 



th 



^ ^ ^ £2 
" 2 ~ 2 ■ 

Then, we have 

= |kD^E(aa* + ^l)DFr||y' 

and 



\ 1/2 



^^l/2 



= tr(^^D^E(aa*)DF^*[^DFE(aa* + (51)DF^*] 
< tr(^D3^E(aa* +<51)Dl^r[^D?^E(aa* +(5l)D?^r] 



\ 1/2 



In particular, 

1 1/2-7/2 

We finally conclude 



\ys\\L,(M) < ||eD5^E(aa* + <51)DFr||i , ^^j^y 



}l^lJ\^\\Ls{f^}\\y\\L2{M) < f^l\\as\\L4Ar}\\ys\\L2{M) < \\x\\l-,(M,E)- 

Note that the case p = 2 degenerates since we obtain 7 = and s = 00. However, 
this is a trivial case since it suffices to consider the decomposition given by a = 1 
and y = X. In summary, we have seen that the norms of Ll{Af) ^M,h L2{A4) and 
of Lp,{M, E) coincide on 

Moreover, Ap' = A/'D^/^D^/^A^ is clearly dense in L^s{Af) ®Af.h L^iM). Therefore, 
since the density of Ap/ in L^, [M , E) follows by definition, we obtain the desired 
isometry. The arguments for the column case are exactly the same. □ 
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1. NONCOMMUTATIVE INTEGRATION 



Remark 1.11. Proposition ! 1 . 1 01 provides an o.s.s. for Lp{M, E) and L'p{M, E) 
when 1 < p < 2. Moreover, by anti-hnear duahty we also obtain a natural o.s.s. 
for Lp{Ai, E) and L'p{A4, E) when 2 < p < oo. However, we shall be interested only 
on the Banach space structure of these spaces rather than the operator space one. 
Therefore, we shall use the simpler notation 

Lu{^)Lg{M) and L,(A^)L„(AA) 

to denote the underlying Banach space of L^X-^)'^Ar.hLq{M) or U^{M)® m ^hL%{M) . 

We conclude by giving one more characterization of the norm of Lp(A^, E) and 
Lp(A^,E) for 2 < p < oo. To that aim, we shall denote by Lm7\/(Xi,X2) and 
RmAr(Xi,X2) the spaces of left and right A/'-module maps between Xi and X2. 

Proposition 1.12. Let be a von Neumann subalgebra of A4. Then, given 
any three indices 2 < u,q,v < 00, we have the following isometric isomorphisms 

{Lu{J^)Lg{M)y = Rm^f{Lu{Af),W{M)) = lm^{Lg{M), K'{Af)), 
{L,{M)L,{U)y - Lm^(L„(AA),V(M)) = RmA^(i,(M), V(A^))- 

Proof. The arguments we shall be using hold for both isometrics. Hence, we 
only prove the first one. Let us consider a linear functional <I> : Lu{Af)Lq{Ai) — > C 
and let denote the associated bilinear map 

* : L„(AA) X LgiM) -> C, 

defined by '^{a, x) = ^{a (g) x). Clearly, we have 

11*11 =sup||$(a®x)| I |!a|jL„(A^),||x|U^(^) - ^} = I'*"- 

On the other hand, we use the isometry 

B{Lu{J^) X Lg{M),C) = B{Lu{J^),L,,{M)) 

defined by *(a,a;) = tr(T(a)x). By the amalgamation over J\f, any such linear 
map T is a right A/'-module map (i.e. T(a/3) = T(a)/3 for all (3 G A/"). Indeed, given 
/3 G A/", we have 

tr(T(a/3)a;) = $(a/3 (g) x) = $(a (g) f3x) = tr{T{a)f3x) 

for all X E Lq{A4), which implies our claim. Reciprocally, if T : Lu{M) Lqi{M.) is 
a right A/'-module map, we know by the same argument that T arises from a bilinear 
map ^' satisfying x) = '^{a^fix), which corresponds to a linear functional <& 

on Lu{Af)Lg{Ai) with the same norm. This proves the first identity. For the second 
we proceed in a similar way by using the adjoint map T* instead of T. □ 

Remark 1.13. Note that the proof given above still works when we only require 
one of the two indices to be finite. In particular, we cover all combinations appearing 
for Lp{A4, E) and Lp{Ai, E) since in that case the A4-index is always 2. 



CHAPTER 2 



Amalgamated Lp spaces 



Let be a von Neumann algebra equipped with a n.f. state Lp and let us 
consider a von Neumann subalgebra M oi M.. In what follows we shall work with 
indices {u, q, v) satisfying the following property 

1 1 
- + - 

u q 

Let us define MuLq{M)Mv to be the space Lq{M) equipped with 



(2.1) 



1 < q < oo and 2 < u^v < oo and 



V p 



\u-q-v 



inf |||D", 



I/3D' 



In the sequel it will be quite useful to have a geometric representation of the 
indices {u,q,v) satisfying property (|2.ip . To that aim, we consider the variables 
1/v, 1/q) in the Euclidean space M^. Then, we note that the points satisfying 
(|2.ip are given by the intersection of the simplex 0< 1/u + 1/v + 1/q < 1 with 
the prism < min(l/M, 1/v) < max(l/M, 1/v) < 1/2. This gives rise to a solid K 
sketched below. 




= 


(0,0,0) 


D 


= (1.0,1) 


A = 


(0,0,1) 


E 


= (0,i,0) 


B = 


(0,0, i) 


F 


= (i,iO) 


C = 




G 


= (io,o) 



Figure 2.1. The solid K. 



Now, let (u, q, v) be any three indices satisfying property (|2.ip . Then we define 
the amalgamated Lp space Lu{Af)Lq{A4)Ly{J\f) as the set of elements x e Lp{A4), 
with 1/p = 1/u + 1/q + 1/v, such that there exists a factorization x = ayb with 
a G Lu{Af), y G Lq{A4) and b S L^iM). For any such element x, we define 

= inf [\\a\\L^(N)\\y\\L^{M)\\b\\L^{N) \ x = at/bj. 

Chapters[21[3]and|3]are devoted to prove that Lu{M)Lq{M)Ly{M) is a Banach space 
for any (u, q, v) satisfying (|2.ip and to study the complex interpolation and duality 
of such spaces. In the process, it will be quite relevant to know that the spaces 
NuLq{M)Nv embed isometrically in Lu{N)Lq{M)Ly{M) as dense subspaces. This 
will be essentially the aim of this chapter. 
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2. AMALGAMATED Lp SPACES 



Remark 2.1. In order to justify the restriction 2 < u, w < oo on ()2.1|) . let us 
show how the triangle inequality might fail when this restriction is not satisfied. 
Let us take M = loo (A/") , then we claim that 



are not normed for 1 < w < 2. Indeed, given a sequence x = (x„)n>i in Lao{M.) 
and elements a,b ^ L^iJ^), we have by definition the following inequalities 

||aa;||^.oo-oo < \\a\\L^{Aj-)\\x\\L^{M) and ||a;6||oo-oo-!ii < ||2;||loo(ai)II^I|l„(a/')- 

In particular, if these spaces were normed they should contain contractively the 
projective tensor product Lw[N) Lao{M.). However, by the noncommutative 
Menchoff-Rademacher inequality in [5], we may find (z„) G Lu,{M) Loo{M.) of 
the form 



and such that (z„) ^ Lw{M)Loo{.M)Loo{Af). Moreover, taking adjoints we also may 
find a sequence (zn) such that (z„) S Lw{M) ioo(A^) \ Loo{M)Lcyo{M)Lw{M). 

Example 2.2. As noted in the Introduction, several noncommutative function 
spaces arise as particular cases of our notion of amalgamated Lp space. Let us 
mention four particularly relevant examples: 

(a) The noncommutative Lp spaces arise as 



Note that these spaces are represented by the segment OA in Figure I. 
(b) li p < q and 1/r — \/p — 1/q, the spaces Lp{Ni\ Lq{N2)) arise as 



When the index p is fixed, these spaces are represented in Figure I as 
segments parallel to the upper face ACDF whose projection into the plane 
xy goes in the direction of the diagonal. 

(c) By Proposition [Lini L<p{M, E) and L'p{M, E) (1 < p < 2) arise as 

I^;{M,£) = Ls{N)L2{M)LooW) with l/p=l/2 + l/s, 
L'p{M,£) = Loo{M)L2{M)L,{N) with 1/p = 1/2 + 

These spaces are represented by the segments BD and BC in Figure I. As 
we shall see in Chapter |4l the spaces Lp{M; Rp) and Lp{M;Cp) arise as 
particular cases of the latter ones. 

(d) If A4 = Af, the so-called asymmetric noncommutative Lp spaces arise as 



These spaces are represented by the square OEFG in Figure I. The reader 
is refereed to |19j and Chapter [7| below for a detailed exposition of the 
main properties of these spaces and their vector-valued analogues. 



i«,(AA)ioo(A^)ioo(AA) and Loo(AA)Loo(X)i^(AA) 



n 




LgiM) = LU^)L,{M)Loo{M). 



L2r {Ul )Lq {Ul ®M2)L2r {Ml ) . 



L(u,v){M) = Lu{M)Loo{M)L,{M). 



2.1. HAAGERUP'S CONSTRUCTION 
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2.1. Haagerup's construction 

We now briefly sketch a well-known unpublished result due to Haagerup [10] 
which will be essential for our further purposes. Let us consider a tr-finite von 
Neumann algebra M equipped with a distinguished n.f. state ip and let us define 
the discrete multiplicative group 

G = IJ 2-'"Z. 

Then we can construct the crossed product 7?. = Xo- G in the same way we 
constructed the crossed product A4 Xo-K- That is, if H is the Hilbert space provided 
by the GNS construction apphed to (/?, TZ is generated by tt : — > B{L2{G;TL)) 
and A : G ^ 6(2.2 (G;7i:)) where 

(7r(x)0 (.9) = ^-9(^)^(5) and (A(/i)e) (.9) = £.{g - h). 

By the faithfulness of tt we are allowed to identify M with 7r(Al). Then, a generic 
element in TZ has the form '^gXg\{g) with Xg ^ Ai and we have the conditional 
expectation 

Em ■■ X! ^gKa) eTZ^ xo e M. 

S6G 

This gives rise to the state 

ip : ^ XgX{g) eTZt-^ ipoEM(^^ XgX{g)j = ip{xq) G C. 
seG geG 

According to [lOj . TZ is the closure of a union of finite von Neumann algebras 

[jMk 

k>l 

where {Mk)k>i is directed by inclusion Mi C M2 C . . . and each Mk satisfies 

(2.2) Ciik)lM,<'D^,<C2ik)lM, 

for some constants < ci(fc) < C2(fc) < 00. Here ipk denotes the restriction of ip to 
Aik and Di^^. stands for the corresponding density. Moreover, it also follows from 
[lOj that we can find for any integer k > 1 conditional expectations 

8k -TZ^ Mk 

such that the following limit holds for every x TZ, any 1 < P < 00 and all < 77 < 1 



(2.3) d(^-'')/^(x -£,(£)) 



— > as fc — > 00. 



Remark 2.3. The (j-finiteness assumption might be dropped if we replaced 
sequences of finite von Neumann algebras by nets. However, it suffices for our aims 
to consider the (j-finite case. 

In the following result we provide the first application of this construction. As 
usual, we write S for the strip of complex numbers z G C with < Re(z) < 1 where 
we consider the decomposition dS = OqU di of its boundary into the sets 

ao = |z e C I Rc(z) = o| and = |z G C | Re(z) = l|. 
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2. AMALGAMATED Lp SPACES 



Let X be a Banach space and let x be an element of X. Then, given < 6' < 1, we 
write ^(X, 6*, x) for set of bounded analytic functions f : S ^ X (i.e. bounded and 
continuous on 5 U dS and analytic on S) which satisfy f{9) — x. 

Lemma 2.4. Let x he an element in a von Neumann algebra M.. Then, given 
< ?7 < 1 and 1/pe = (1 — 0)/p for some Q < 9 < 1 and some 1 < p < oo, we have 



D "8 a;Dpe 



inf |max|sup f{z)Dl \\^^^j^y sup \\f{z,^^^^f^j^^ 



zedi 



where the infimum runs over all analytic functions f : S M in the setA{Ai, 6, x). 

Proof. The upper estimate follows by Kosaki's interpolation. To prove the 
lower estimate, we assume by homogeneity that the norm on the left is 1. Then we 
begin with the case where Al is a finite von Neumann algebra equipped with a n.f. 
state (po such that the density D^p^ satisfies (|2.2[) . That is, 

for some positive numbers < ci < C2 < 00. Note that our assumption implies 
e A^. In particular, the function z D^^ is analytic for any scalar A G C. 
Then it is easy to find an optimal function. Indeed, since 

we find by polar decomposition a partial isometry uj such that x{ri, 6) ~ uj\x[rj^ 9)\. 
Our optimal function is defined as 



(1-.7)(1--) 



Our assumption on D^^ implies the boundedness and analyticity of /. On the other 
hand, it is easy to check that f{9) = x so that / G A{A4, 9, x). Then, recalling that 
both \x{ri, 9)\^^ and are unitaries for any A G K, we have 



sup 

zedo 



sup 

zedo 



uj\x{ri,9)\ p |a;(77, 6')| p D, 



< 



\x{v,9)\- 



T) PO T,T)Pe 



'■Po 

1 



= 1. 



Similarly, we have on di 



sup 11/(2;) I 



sup 

zedi 



uj\x{t],9)1 



< 1. 



This completes the proof for finite von Neumann algebras satisfying (|2.2p . In 
the case of a general von Neumann algebra A4 we use the Haagerup construction 
sketched above. Let us introduce the shorter notation 



Ni{M,ip,x) = pe xB^t 
N2{M,ip,x) = inf < max I sup ||D" 



"/WD^ILp(^),sup ||/(z)||^^(^)_ 



lLp,(7W) 

||L 

^zedo 

We are interested in proving Ni{M, (p, x) > N2{M,(p, x). Combining property 
with the first part of this proof, we deduce that any x G A4 satisfies the following 
identities 



(2.4) 



Ni{Mk,Pk,£kix)) ^N2{Mk,ipk,£kix)) for aU A: > 1. 



2.2. TRIANGLE INEQUALITY ON a^K 
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By the triangle inequality 

N2{M,(p,x) < \imsnpN2iM, (p,EM{£k{x))) + N2iM,ip,x- EMi^kix))). 

k — >oo 

Applying the contractivity of E^v^, (|2.3p and (|2.4p 

limsupN2(A^,(/3, E7^4(£fc(a;))) < limsup N2(Alfc, (y^fe, ffc(a;)) 

k—^OG k—^oo 

= limsupNi(A^fc,(pfc,ffc(a;)) 

A; — >oo 

= Ni{M,(p,x) 

It remains to see that N2{Ai,(p,x — EM{£k{x))) is arbitrary small. First we note 
that 

N2iM,ip,x-EM{£k{x))) = N2iM,ip,EMix-£k{x))) < N2(7^, x - ffc(x)). 
Then we consider the bounded analytic functions 

fk- z eS ^ ml^''ml,.{x - £k{x)) £ TZ 
with the constants mofe, rriifc defined by 

^1/2 

V 



mofe 



-£k{x)) B 



v/p 



-£k{x))Dl/^ 



Lp(K) 
(l-e)/26l 



Note that fk e ^(7?., 6,x ~ £k{x)) since mj^, ^m^^, = 1. On the other hand, 



sup 



D 



{i-n)/p 



fk{z)B 



n/p 



mofe 



£k{x)) d; 



Similarly, we have on di 



sup ||/fc(2:)||r = mikllx - £k{x)\\^ < 2mik\\x\\M- 



Therefore, the proof is completed since from (|2.3p both terms tend to with k. □ 

2.2. Triangle inequality on 9ooK 

Let doo K be the subset of the boundary of K given by the intersection of K with 
the coordinate planes (i.e. the union of the plane regions OACE, OADG and OEFG). 
This set will appear repeatedly in what follows. Note that the indices {u, q, v) which 
are represented in Figure I by the points of (9ooK arc those satisfying (|2.1[) and 



(2.5) 



iin|l/M,l/q, = 0. 



In the following result, we apply a complex interpolation trick based on the 
operator-valued version of Szego's classical factorization theorem. This result is 
due to Devinatz [HI. A precise statement of Devinatz's theorem adapted to our 
aims can be found in Pisier's paper [39j, where he also applies it in the context of 
complex interpolation. We note in passing that a more general result (combining 
previous results due to Devinatz, Helson & Lowdenslager, Sarason and Wiener & 
Masani) can be found in the survey |45j . see Corollary 8.2. This interpolation 
technique will be used frequently in the sequel. 



Lemma 2.5. // (1/w, l/v, 1/q) e 9ooK, MiiLq{M.)Mv is a normed space. 
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Proof. Assuming Holder inequality gives for 1/p = 1/u+l/q+l/v 

||D"2:D" ||^^^_^^ < for all x e AfuLq{M)Afv. 

Therefore, |||x|||„.q.t, — implies a; = 0. Since the homogeneity over M+ is clear, 
it remains to show that the triangle inequality holds in this case. Our assumption 
1/v, 1/q) G 9ooK reduces the possibilities to those in which at least one of the 
indices is infinite. When 1/q = 0, Pisier's factorization argument (c./. Lemma 3.5 
in |41| ) suffices to obtain the triangle inequality. Indeed, it can be checked that 
this factorization provides the estimate 



\Xl 



~t~ ^2 1 1 — 2 1 1 |xi 1 1 l^.g.^ -t- 1 1 1^2 1 1 l^i-g-i?) ■ 



Hence, it remains to consider the cases 1/u — and 1/v — 0. Both can be treated 
with the same arguments so that we only show the triangle inequality for 1/u = 0. 
In that case, the left term Af^c is irrelevant in MooLq{M)Nv so that we shall ignore 
it in what follows. We need to consider two different cases. 

Case I. We first assume that 1 < (j < 2. Let xi,X2, ■ ■ ■ ,Xm be a finite sequence 
of vectors in Lq{M)Nv satisfying < 1 and let us also consider a finite 

sequence of positive numbers Ai,A2,...,Am with ^^^^k = 1- Then, it clearly 
suffices to see that 



< 1. 

q-v 



< 1. 



Ill ^ AfcXfc 

k=l 

By hypothesis, we may assume that Xk — VkPki with 

max|||2/fc||L,(.M), ||AD" 

On the other hand, since 1 < q < 2 we can consider 2 < 9i < oo defined by 

1 111 1 
qi 2 p q V 

It is not difficult to check that 

Lq{M) = [L,{M),LqAM%^^, 
- [ioo(AA),L2(AA)]2/^. 
Then, by the complex interpolation method wc can find bounded analytic functions 

hk ■■ S Lp{M) + Lq,{M) 
satisfying fik{2/v) — yk for all fc = 1, 2, . . . , to and 

sup ||/lfc(^)|L^(^) < 1, 

(2 6) ""^ ° 

sup ll/lfeWIL < 1- 



Similarly, Lemma 12.41 provides us with bounded analytic functions 

hk -.S^Af 

satisfying /2A;(2/w) — (3k for all fc = 1, 2, . . . , m and 



sup ||/2fc(^)|L^(^) < 1, 
sup ||/2fcWD^|| < 1. 



2.2. TRIANGLE INEQUALITY ON a^K 
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W(z) 



Given 6 > 0, we define the following function on dS 

1 if z e do, 

According to Devinatz's factorization theorem {39., there exists a bounded analytic 
function w : 5 — s- A/" with bounded analytic inverse and satisfying the following 
identity on dS 

w(z)*w(z) = W(z). 
Let us consider the bounded analytic function 



5(z)= (^Afe/u(z)/2fc(z))w-i(z). 



k=l 



Then, since w(z)*w(z) = 1 on do, we have 



sup |U(z)| 



zeda 



< SUp^Afc||/u(z)||^ ^^^||/2fc(z)w 'WIL^(^) < 1. 



fc=i 



On the other hand, we can write 

m 

9{z) ^ \/Xk fikizhkiz) with \/\kf2k{z) = 7fe(z)w(z). 
fc=i 

Note that, according to the definition of w, we have for any z Cz di 

m 

(2.7) ^7fcW*7fcW<l- 

fc=i 

Therefore, the following estimate follows from (|2.6|) and (|2.7|) 



1/2 



^'^p ( Afc/ife(z)/ifc(z) 

m 

X sup ( V7fc(z)*7fc(z)) 
< sup ( X'Afe II /u.(z) II 



1/2 



1/2 



fe=l 



< 1. 



Note that the last estimate uses the triangle inequality on Lq^^2{-M) a-^d that we 
are allowed to do so since qi > 2. Combining the estimates obtained so far and 
applying Kosaki's interpolation we obtain 



On the other hand, we have 



sup ||w(z)||^^(^) = sup ||w(z)*w(^)||^/^(^^ = 1, 



zG 



sup ||w(z)D 

zG^i 



1 ||2 



sup ||D2 w(z)*w(z)D2 1 



zeai 



< sup Afc||/2fc(z)D 



1 l|2 



ze9i 



\L2(^f) 



+ 5 <1 + S. 



k=l 



30 



2. AMALGAMATED Lp SPACES 



Again, Kosaki's interpolation provides the estimate 

||w(2/i;)D^||^^(^^ < 1 + 5. 

In summary, recalling that 

J2 ^kXk = fik{2/v)f2k{2/v) = g{2/v)w{2/v), 

k=l k=l 

we obtain from our previous estimates that 



XkXk 

k=l 



< 1 



Thus, the triangle inequality follows by letting 5 ^ in the expression above. 

Case II. It remains to consider the case 2 < q < oo. This case is simpler. Indeed, 
given any family of vectors xi,X2, ■ . ■ , Xm and scalars Ai, A2, . . . , as above (with 
Xk — UkPk and Uk^Pk satisfying the same inequalities), we define for (5 > 

5/3 = ^ XkPlPk + 6lj so that Pk = bkSfj, 

fe=i 

for some 5i, 62, . . . , 6m G A/". Then we have a factorization 

m m 

AfcXfc = ( X! ^kVkbkjSp. 



k=l 



k=l 



Now, since 2 < g < cx), we have triangle inequality in Lq/2(A^) and 



k=l 



1/2 



/c=l 



< 



*:=1 



1/2 



•in 



Xkb*khk 



fc=i 



1/2 



1/2 



fe=l 



which is clearly bounded by 1. On the other hand, 



lL„(A/-) 



= ||D"(5^Afc/3,*/3fe + <5l)D^ 



k=l 



fe = l 



Therefore, the triangle inequality follows one more time by letting 5 —t Q. □ 

The following will be a key point in the proof of Theorem 13.21 the main result 
in Chapter [31 Note that we state it under the assumption that AfuLq{A4)Afv is a 
normed space and that for the moment we only know it (from Lemma [2.5p whenever 
(1/w, 1/v, 1/q) e 9ooK. However, since eventually we shall need to apply this result 
for any point in K, we state it in full generality. 

Proposition 2.6. If J\fuLq{M)Nv is a normed space, we have 

i) The following map is an isometry 

ju,v ■■ X e NuLq{M)N^ ^ D^xD^ e Lu{N)Lq{M)L^{N). 

ii) Li^{M)Lq{Ai)Ly{M) is a Banach space which completes MuLq{Ai)Mv. 
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Proof. It is clear that 

||j«,«(a;)||„.g.,; < |||a;|||„.g.„ for all x G AfuLg{M)Mv 

Let us see that the reverse inequality holds. Assume it does not hold, then we can 

find xq e NuLq{M)Nv such that |||a;o|||„.g.t, > 1 and \\ju,v{xQ)\\u-q-v < 1- By the 
Hahn-Banach theorem (here we use the assumption that the space NuLq{M.)Mv is 
normed) there exists a norm one functional 

satisfying 

(a) (^(xo) = IllxollU.g.t, > 1. 

(b) \^{ayl3)\ < P^a\\^^^^^p\\L^(M)\\P^^\\L^(j^y 

Note that any y G Lq{A4) provides a densely defined bilinear map 

% : (D^a,/3D^) e x L^{Af) ^ ip{ayp) € C, 

which satisfies \\^y\\ < \\y\\q and 

*niyn2(D"Q!,/?D-) = $y(D"Q:ni,n2/3D^) for all ni,n2&J^. 
On the other hand, since || ju,-y(a;o)||M g i; < 1 we must have ju,v{xo) = aoVobo with 

max|||ao||i,„(Ar), ||2/o||i,,(M), ||&o|U„(jV)} < 1- 
If we consider the invertible elements 

a = (aoaS + ^D^^") and b = (6^60 + SB'^/") 

we can write ju,v{xo) = aa~^aoyobob~^b = ayb. Moreover, for ^ > small enough 

max|||a||z,„(jv-), |blU,(.M), ||&IU„(AA)} < 1- 

Since a?' > 5D^/" and 6^ > ^D^/", there exist bounded elements a,j3 with 

D^" = aa and D^" = /36. 

Let us denote by e the' left support of a and by / the right support of [3. Wo 
note that the right support of a and the left support of /3 is 1. Then, we use 
polar decomposition to find strictly positive densities di e ejV e and ^2 S /A/"/ and 
partial isometries wi and W2 such that 

a = diwi and /3 = ^2^2- 

Note that wlwi = 1, wiwl = e, W2W2 = f and W2W2 = 1. Then we observe that 

ayb = ju,v{xo) = D^/"xoD^/'' = aaxoPb y = axoP- 

This yields 

eyf = axof3 — diWiXQW2d2- 
In particular, taking spectral projections e„ = and /„ = l[i „](rf2) 

wlendx^eyfd2^fnWl = wlenWlXoW2fnW2- 

This implies that 

\ip{wlenWiXoW2fnW2)\ = | *»«i*e„i«ixo«;2/ni«| " , D " ) | 
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= |$ey/(ae„,/„6)| 

_ 1 1 1 1 u 

< l|a||n||y||g||&L < 1- 

On the other hand, {wlenWi) (resp. {w2fnW2)) converges to wlwi ~ 1 (resp. 
^2^2 = 1) strongly. By Lemma 2.3 in [14) . this imphes that (D^/"i(;*e„wi) (resp. 
(w2/nW2D^/'')) converges to Di/" (resp. D^/'') in the norm of L„ (AT) (resp. i„(7V)). 
This combined with the continuity of (^xq gives 

|v3(a;o)| = hm \'^xa{^~w*ienWi,W2fnwlD~)\ 

n — >oo 

= lim \ip(wlenWiXoW2fnW2)\ < 1- 

This contradicts condition (a). Therefore, the map ju,v defines an isometry and 
the proof of i) is completed. Next, we see that || \\u-q-v is a norm 'outside' the 
space NuLq{M)J^v The homogeneity over R+ is clear and the positive definiteness 
follows as in Lemma 12.51 Thus, it suffices to show that the triangle inequality 
holds. As we did above, we begin by taking a family xi, a;2, . . . , Xm of elements in 
Lu{N)Lq{M)Ly{M) satisfying || s^fellu ij i; < 1 and a collection of positive numbers 
Ai, A2, . . . , Xm with Afe — 1. By hypothesis, we may assume that Xk = akVkbk 
with 



- {ll«fe|U„(7V): \\yk\\L,{M)^ II&/c||l„(A/')| 



< 1. 



Given any ^ > 1 and by the density of D^A/" (resp. A/'D" ) in Lu{Af) (resp. Ly{J\f)), 
it is not difhcult to check that both ak and bk can be written in the following way 



ak 



E— II — II 

D-ajfc with IP"aifc||^^(j^-| < 4 



i=0 

oc 



i'k = ^bjk'D- with ll^jfcD" ll^^(jy-) < ^ ^. 



This gives rise to 



'^AfcSfc = ^ D " ( XkajkVkhjk ) D " ■ 



k=l i,j=0 ' k=l 



Assuming the triangle inequality on J\fuLq{A4)J\fy^ we can write 



Di( 



XkaikUkbjkj^^ — AijYijBij 

fc=i 



where 

iiAyiu„(A^) < r"^, iiy^j||l,(a^) < r"^, iib.,j||l„(a^) < r"^ 

Then, we define for 5 > 



^riN = ( Ay + (5D^) and 5^(6) = ( ^ 6*^6,;, + (5D^^ 

ij— ■ijj— 



33 



2.2. TRIANGLE INEQUALITY ON ^ooK 

SO that there exist aij,f3ij G M given by Sr(A)aij = Aij and /3ijiSc(B) = B^. Hence, 

m oo 



fe=i 



Moreover, we have 



OO 1 In ^ 

ll'5.(A)|L„(^) < (^+ E iiAi.iiL(A.)) < yzttttf- 

The same estimate applies to «Sc(B). The middle term satisfies 



i,j=0 



OO oo ]_ oo 



i,j=0 



i,j=0 



< 



(E iiY^^ii^ 



- Vl- 1/^9/2; 



In summary, 

m 



as 5 — > and ^ ^ cxd. This proves the triangle inequality. To prove completeness 
we use again a geometric scries argument. Let xi, X2, ... be a countable family of 
elements in Lu{M)Lq{M)Ly{M) with < 4"*^ for any integer A; > 1. That 

is, we have Xk = A~'^akykbk with 



max 



{||afc||L„(AA), \\yk\\L,{M)-, \\bk\\L,{U)\ 



< 1. 



Then, by a well known characterization of completeness, it suffices to see that the 
sum J2k^i' belongs to Lu{N')Lq{M)Ly{J\f). We use again the same factorization 
trick 



00 00 

^Xk = Srja) E '^^^'^kVklikj Sc{h) 



k=l 



k=l 



where 

Srifl) 

Sc{b) 



k=l 



1/2 



(^^2 ''akal + dl)i^ and Sr{a)ak 



[J2'^~''blbk +ST>iy'' and (3kSc{b) = 2-^/%k. 



k=l 



In particular, we just need to show that Sr{a) e Lu{Af), Sc{b) G Ly{J\f) and the 
middle term belongs to Lq{A4). However, this follows again by applying the same 
estimates as above, details are left to the reader. To conclude, we just need to 
show that AfuLg{Ai)Af^ is dense in Lu{M)Lq{AA)Ly{M). However, this follows 
easily from the density of D^/^A/" (resp. TVD^/") in L„(7V) (resp. L^{M)) and the 
triangle inequality proved above. □ 
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2.3. A metric structure on the solid K 

At this point, we are not able to prove that N'uLq{A4)N'v is a normed space for 
any point l/v,l/q) in the sohd K. However, we need at least to know that 

we have a metric space structure. In fact, we shall prove that ||| |||t(.g.« is always a 
7" norm for some < 7 < 1. 

Lemma 2.7. // {l/u, l/q) e K, there exists < 7 < 1 such that 

\\\xi +X2\\\Z.g.y < |||a;i|||Xg.t, + ll|a;2|||Xg-t; foi^ Xi,X2 e NuLq{M)Nv 

Proof. According to Lemma [2?5l we can assume in what follows that 

(l/u,l/«,l/g)e K\aooK. 

As we did to prove the triangle inequality, let xi, X2, . . . , Xm ^ MuLq{M)Mv be a 
sequence of vectors satisfying |||2^A:|||u-g-(; 

< 1 and let Ai, A2, . . . , Am € with sum 

-^A; = 1- Then it suffices to show that 

rn m 

^kXk < / ^ '^1 for some < 7 < 1- 

I I I ^ U-Q-V ^ 

fc=l ^ fc=l 

By hypothesis, we may assume that Xk — akUkPk, with 

ma^{\\Biak\\^^^^y\\yk\\L,{M),\\Pk^mL^^f^)} < 1- 

By Figure I we can always find I < ui,qQ,vi < 00 and < 9 < 1 such that 

(a) We have 1/qo = 1/u+l/q+l/v = l/iti + 1/vi. 

(b) We have (l/u, I/w, I/g) = (0, 0, (1 - 6l)/qo) + {e/ui,0/vi,O). 

Indeed, we first consider the plane P parallel to ACDF containing {l/u,l/v,l/q). 
The point {0,0, 1/qo) is the intersection of P with the segment OA. Then, we 
consider the line L passing through (0,0, 1/qo) and {l/u, 1/v, l/q). Then, the point 
{1/ui, l/i;i,0) is the intersection of L with the coordinate plane z = 0. Note that 
the point (l/wi, 0) is not necessarily in K. However, according to (a) it always 
satisfies 1/ui + 1/vi < 1. Note also that, since we have excluded the points in 
doo K at the beginning of this proof, we can always assume that < 6* < 1 . Then it 
follows from (b) that 

Lu{^) = [L^{Af), L^,{Af)]g, 

L,{M) - [L,„{M),LUM)\^, 

L,{M) = [L^{N),L,,{N)\^. 
By the complex interpolation method, we can find bounded analytic functions 

f2k ■■ S ^ L^,XM) + L^{M) 
satisfying f2k{0) = j/fc for fc = 1, 2, . . . , to and such that 

(2.8) maxj sup ||/2fc(2:)|L . „ sup ||/2fc(2:)|| .^^|<1- 



Similarly, by Lemma 12.41 we also have bounded analytic functions 

hk.hk-.S^N 
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for any fc = 1, 2, . . . , m satisfying {fik{d),f3k{0)) = (afe, and 

sup niax{||/u(z)||^^(^^,||/3fe(z)||^^(^)} < 1, 

(2.9) "f* in „ in 1 

sup max|||D"i /ife(z)||^^^^^^j, ||/3fc(z)D"i ll^^^^^^l < 1. 

Given S > 0, we consider the following functions on the boundary 

1 if z e 9o, 

51 + J2k^kfik{z)fikiz)* ifzedi, 



Wi(z) = 
W3(z) = 



1 if z £ do, 

si + Ek^khk{zrhk{z) ifzedi. 

According to Devinatz's factorization theorem [39] . there exist bounded analytic 
functions wi , W3 : 5 — > A/" with bounded analytic inverse and satisfying the following 
identities on dS 

wi(z)wi(z)* Wi(z), 
W3(z)*W3(2:) = Wsiz). 

Then we can write 

m m 

^ Afc^fe = wi (0) [w^\e) ( ^ Xkhk {6)f2k {6)hk (f?)) (0)] W3 {6) . 

k=l k=l 

Let us estimate the norms of the three factors above. First we clearly have 
sup ||wi(z)||^^^ = sup ||wi(z)wi(z)*||^^^ = 1, 

sup ||w3(z)||^ ^ = sup ||w3(z)*W3(z)||^ (A/-) = 1- 

zedo ^ zedo °° 

On the other hand, since Lp{M) is always a min(p, l)-normed space 
sup ||D^wi(z)||^' ,^ = sup ||D^wi(z)wi(z)*D^||^'^^ 

ELlA^/1D^A,(.)ll-^(^^+5-/^ ifui <2. 



< max|(l + (5)"i/2,(5"i/2+^A; 
Similarly, we have 



Ml/2 

fc=l 



sup ||w3(z)D^ 112^^^ < max i + ,5^1/2 + ^A^^/' 



In summary, we obtain by Kosaki's interpolation 



|D"Wi(0)||^^(^j < maxi x/TT^, (<5"^/2 + ^A"^/' 



fc=i 



l/ui 



|w3(0)D^||^^j^^ < max<^ ((J^i/^ + ^A 



^k 

k=l 
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1/7 



k=l 



As we have pointed out above, we have l/ui + l/vi < 1. In particular, ui/2 and 
vi/2 can not be simultaneously less than 1. Thus, at least one of the two sums 
above must be less or equal than 1. This means that taking 

7 = min|l,ui/2,'yi/2|, 

we deduce 

li-„(l|D-wi(0)||,^(^Jw3(^)D^||,^^^^) < (E^^)^'"^ (E^^) 

k=l ' ' 

In particular, it suffices to see that 

m 

K"' (^) ( E io)hk {0))w^\o) 

k=l 

Let us consider the bounded analytic function 

ni 

g(z) = W^^{z)(^^Xkflkiz)f2kiz)f3kiz)jw^^{z). 
fc=l 

Since wi(z)wi(z)* = 1 = W3(z)*W3(2) for all z G do, we clearly have 
sup \\g{z) 



< 1. 



zi£do 



\L,.(M) 



sup ^ \kflk{z)f2kiz)f3kiz) 
z£do 



fc=l 



- sup E'^*;||/ife(^ 



\f2kiz)\ 



\f3k{z)\ 



fc=l 



Then it follows from (|2.8p and (|2.9p that the expression above is bounded above by 
1. On the other hand, since wi and W3 are invertible, we can define the functions 
hik, h^k : 5 — > A/" by the relations 



^Afe/n;(z) = wi{z)hik{z) and VXkfskiz) = /i3fc(z)w3(z). 
Then it is easy to check that for any z e (9i 



(2.10) 



Y,hik{z)hik{zr <1 and E '^3't(^)*^3fc(-^) ^ 



fc=i 



fc=i 



Therefore, we obtain from (|2.8p and (|2.10p that 



sup ||.g(z)| 



sup E hik{z)f2k{z)h3kiz) 



k=l 



< 



'in 

sup ( E hik{z)hik{zy 



sup 



fe=i 



1/2 



™P ( E hskiz)* h3k{z) 

rcfl, II V ^ — ' 



zedi 



1/2 



fc=i 



< 1. 



By Kosaki's interpolation we have ||5(^)||^ f^j^-^ < 1- This completes the proof. □ 
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Arguing as in the proof of Proposition l2.6l ii). we can see that any amalgamated 
space Lu{N)Lq{M)Lv{N) is a 7-Banach space and- that ju,v {NuLq{M)Nv) (with 
ju,v as defined in Proposition 12. 6p is a dense subspace. Indeed, we just need to 
repeat the two given arguments (using geometric series) conveniently rewritten 
with exponents 7 everywhere. We leave the details to the reader. Let us state this 
result for future reference. 

Proposition 2.8. // (1/w, l/v, l/q) £ K, there exists < 7 < 1 such that 

i) Lu(Af)Lq{M)Ly{Af) is a 'y-Banach space. 

ii) ju,v{-^uLq{A4)Afv) is a dense subspace of Lu{Af)Lq{Ai)Ly{J\f). 
Observation 2.9. We do not claim at this moment that ju,v is an isometry. 



CHAPTER 3 



An interpolation theorem 



In this chapter we prove that the sohd K is an interpolation family on the 
indices {u,q,v). Of course, we need to know a priori that L^{N)Lq{M)Ly{N) is 
a Banach space for any (1/w, l/v,l/q) in the solid K. In fact, as we shall see the 
proofs of both results depend on the proof of the other. Indeed, let us consider a 
parameter < r < 1. According to the terminology employed in Figure I, let us 
define to be the intersection of K with the plane Pt which contains the point 
(0,0, t) and is parallel to the upper face ACDF of K. Roughly speaking, we first 
prove that 



is an interpolation family on the indices (u, q, v) for any < r < 1 and with ending 
points lying on 9ooK. Note that we already proved in Chapter [2] that the spaces 
associated to the points in 9ooK are Banach spaces. Then, we use this result to 
prove that every point in K corresponds to a Banach space and derive our main 
interpolation theorem. More concretely, we first prove the following result. 

Lemma 3.1. Let us assume that 



i) {l/u„ l/v,, l/q,) e 9ooK for J = 0, 1. 
n) 1/uo + 1/go + 1/wo = + l/qi + 
Then Lu„{J\f)Lqg{A4)Lyg{J\f) is a Banach space isometrically isomorphic to 



We know from Lemma 12.51 and Proposition 12.61 that the interpolation pairs 
considered in Lemma |3. II are made of Banach spaces. After the proof of Lemma l3.1l 
we shall show that Lu{M)Lq{M)Ly{M) is a Banach space for any l/u, 
in the solid K and we shall deduce our main result in this chapter. 

Theorem 3.2. The amalgamated space Lu{Af)Lq(M)Ly(M) is a Banach space 
for any (1/w, l/g) g K. Moreover, if {l/uj,l/vj,l/qj) G K for j — 0,1, the 
space Lug{JV)Lqg{A4)Lyg{J\f) is isometrically isomorphic to 



Note that the pairs of Banach spaces considered in Lemma 13.11 and Theorem 
13.21 are compatible for complex interpolation. Indeed, since the amalgamated space 
Luj{M)Lq.{M)L^.(N) is continuously injected (by means of Holder inequality) in 
Lp^{M) for j = 0, 1 and 1/pj — \/uj + \/qj + 1/wj, any such pair lives in the sum 
Lpg[Ai) + Lpj^(A^). The main difficulty which appears to prove Lemma l3. II lies in 
the fact that the intersection of amalgamated spaces is quite difficult to describe 
in the general case. Therefore, any attempt to work on a dense subspace meets 




{M)Lq,{M)L,A^) 



e 



Xg{M) - L.,„{M)Lq„{M)L,,iN-),LuAJ^)Lq,{M)L,AJ^) 
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this obstacle. Wc shall avoid this difhculty by proving this interpolation result in 
the particular case of finite von Neumann algebras whose density is bounded above 
and below. Under this assumption, we will be able to find a nice dense subspace to 
work with. Then we shall use the Haagerup construction lOj sketched in Section 
|2TT] (suitably modified to work in the present context) to get the result in the general 
case. After that, the proof of Theorem l3.2l follows easily by using similar techniques. 

3.1. Finite von Neumann algebras 

We begin by proving Lemma l3. II for a finite von Neumann algebra M. equipped 
with a n.f. state Lp with respect to which, the corresponding density D satisfies the 
following property for some positive constants < ci < C2 < oo 

(3.1) cil<D<C2l. 

Lemma 3.3. Assume that {l/uj,l/vj,l/qj) G 9ooK for j — 0,1. Then, given 
any < 9 < 1, the space Lqg{A4) D Lq-^{A4) is dense in 

Xg{M)^ \Lu„{Af)Lg„{M)L,,„{J^),Lu,{Af)Lg,{M)L,,{Af)] . 

-I 

Proof. Let us write A for the intersection 

According to the complex interpolation method, we know that A is dense in Xg{A4). 
In particular, it suffices to show that we have density in A with respect to the norm 
of Xg{M). Let X be an element in A so that we have decompositions 

X = aoyobo ^^^^^ a, € L^^{M), y, e L.^iM), b, € L^^iM). 
Case I. Let us first assume that max {wq, wi, vq^ ^^i} < oo. Then, we can define 

a ^ {aXj^'^^ + 5D, 

3=0,1 

b = E {b*b,r^'+SD. 

3=0,1 

Note that, since 2/uj and are in (0, 1], we have 



{b*b,y^^' < b j I b*b, < 

Therefore, if we define aj,(3j by aj — a^^^^aj and bj — Pjb^^^^ , we have aja* < 1 
and P*l3j < 1. Thus, aj, /Sj e Af for j — 0,1 and we can set yj = aji/j/Jj in Lqj {A4) 
so that 

(3.2) X = ai/^^yjfoi/"^ 

for j = 0, 1. Now we consider the spectral projections 

e„ l[j_,„](a) and /„ = l[j_ „](6). 

Then, since e„a;/„ = {ena^^'^')yj{b^''"' fn) we find e„a;/„ e Lqo{M) n Lq^{M). 
Thus, we have to show that Cnxfn tends to x in the norm of X.e{Ai). Let us write 

X enXfn ~ (1 ^n)X ~\- CnXil fn)- 
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Then it is clear that 

||(1 - e„)a;||^ = ^^x 1 1| (1 - e„)a"j- ||^^.^^. j = 0, l| 

< max 1 11(1 - e„)a~||^J|yj||gj6~||^^. | j = 0,l|. 

The term on the right tends to as n — > cxd since max(uo,ui) < oo. Therefore, 
since the norm of Xe{Ai) is controUed by the norm of A when < < 1, we obtain 
that (1 — en)x tends to in the norm of Xg{A4). The second term e„a;(l — /„) can 
be estimated in the same way. This concludes the proof of Case I. 

Case II. Now let us assume that there exists some indices among uq,ui,vq,vi 
which are infinite. Then we can assume without lost of generality that aj (resp. 
bj) is 1 whenever Uj (resp. Vj) is infinite. According to this and assuming the 
convention 1°° = 1, the previous definition of a and b still makes sense. Moreover, 
the relations obtained in p.2p also hold in this case. Therefore, we need to prove 
again that e„a;/„ tends to x with respect to the norm of Xe{Ai). We only prove 
the convergence for the term (1 — e„)a; since again the second one can be estimated 
in the same way. By the three lines lemma, we have 

11(1 — e„)x|L < II (1 — e„)a;|| ^ ||(1 — e„)x||^ 

Now, let us recall that both norms on the right hand side are uniformly bounded 
on n > 1. In particular, since < < 1, it suffices to prove that e„a; tends to x 
with respect to the norm of Lu^ {N)Lq. {A4)Ly. (Af) for either j = or j = 1. There 
are only three possible situations: 

(a) Assume min(uo,ui) < oo. Let us suppose (w.l.o.g.) that min(Mo,ui) = 
uq. Then, we apply the estimate 

11(1 - e")^ILo.go-o - IK^ ~ e")«^IL„„(AA)llyolli™(><)II^^IL„„(A^)- 

(b) Assume min((7o,9i) < oo. Let us suppose (w.l.o.g.) that niin(qo,'7i) = Qo- 
Then, we apply the estimate 

11(1 - ^"Huo-go-vo - ll«^llL„„(^)li(l - e«)yolU,o(>()||&^|L„^(A^)- 

(c) Finally, assume that neither (a) nor (b) hold. Let us suppose (w.l.o.g.) 
that min(wo,wi) = vq. In this case we have uq — qo = ui — qi = oo 
and A = L^{M)L^{M)Ly,{M). Therefore, M (= Lq^{M)r\ Lq,{M)) is 
dense in A (by Proposition [2?6l) and thereby in X6/(A^). 

□ 

Remark 3.4. Note that the finiteness of M is used in the proof of Lemma [3731 
to ensure that eno}/'^' and b^^'"' fn are in M. In particular, in the case of general 
von Neumann algebras we shall need to use a different approach. 

Proof of Lemma 13.11 The lower estimate is easy. Indeed, let 

To : LuoiM) X L,,(M) x L,„(AA) ^ Lu,{N)L,,{M)Ly,{N), 

Ti : L^,{N) X Lq,{M) x L,,{N) ^ Lu,W)LqAM)L,„{N), 

be the multilinear maps given by To(a,?/,6) = ayb = Ti(a,j/, 6). It is clear that 
both To and Ti are contractive. Hence, the lower estimate follows by multilinear 
interpolation. For the converse, we proceed in two steps. 
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Step 1. Let x be of the form 

x = D^/^Oajz/JDi/"" with a,/3 eW, y e Lq,(Al). 
Using the isometry j defined in Proposition 12.61 we have 

We claim that it suffices to see that 

(3.3) IIIj 

for all X of the form considered above. Indeed, let us assume that inequality p.3p 
holds. Then, combining this inequality with the lower estimate proved above, we 
obtain 

(3.4) \\\jus,vs{x)\\\ue-qe-vo < \\x\\xe{M) < IMue-qo-ve < \\\jue\voi^)\\\ue-qe-v, ■ 

Note that, since Xg{A4) is a Banach space, we deduce that MugLqg{M)Mvg satisfies 
the triangle inequality. Then, applying again Proposition 12.61 we deduce that the 
space Lug{J^)Lqg{M)Lyg{J\f) is the completion of NueLqf,{M)NvB- Therefore, it 
follows that for any x £ Lug{M)Lqg{A4)Lyg{Af), we have 

ll^^llMo-ge-'ue = ||2;||xo(A1). 

In particular. Lug {Af)Lqg (A^)i„g (Af) embeds isometrically in Xg{A4). To conclude, 
it remains to see that both spaces are the same. However, according to Lemma l3.31 
we conclude that Lug{N)Lqg{M)Lyg{N) is norm dense in Xe(7W). 

Step 2. Now we prove inequality (|3.3p . We use one more time the interpolation 
trick based on Devinatz's factorization theorem [6]. Again, we refer the reader to 
Pisier's paper [39j for a precise statement of Devinatz's theorem adapted to our 
aims. Let x be an element of the form 

x^Di/^^ay/JDi/"" with a,P£N, yeLqg{M). 

Assume the norm of x in Xe(Al) is less than one. Then, the complex interpolation 
method provides a bounded analytic function 

f:S^ Lu,iM)Lq„iM)Ly,{JV) + Lu,{M)Lq,{M)Ly,{M) 

satisfying f{0) = x and 

sup \\fiz)\\u„-qo-v„ < 1, 
sup \\f{z)\\u,-qi-vi < 1. 

On the other hand, we are assuming that the density D satisfies the boundedness 
condition ()3.ip . In particular, z € 5 i— *■ D"**^ G is a bounded analytic function 
for any A G C. Therefore (multiplying if necessary on the left and on the right by 
certain powers of and its inverses), we may assume that / has the form 

/(z) =D^D^/i(z)D^D^, 

where fi : S ^ Lqg{Ai) + Lq^{AA) is bounded analytic. Hence, we deduce from 
the boundary conditions (|3.5p and Proposition 12.61 that / can be written on the 
boundary dS as follows 

/(z) = D^D^5i(z)g2(^)ff3(2)D^D^, 
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where gi,g3 : dS ^ N and 52 : dj Lq^ {M) satisfy the following estimates 
sup max |||D^5i(z)||^^, 1152(2^)1190 J53(2:)D^||^^| < 1, 



(3.6) 



ze9n 

sup max 



|||D"i5i(z)||^^,||52(2)||qi, 11.93(2)0-1 II^J 



< 1. 



Given any (5 > 0, we define the following functions on the boundary 

Wi-.zedS ^ gi{z)gi{z)* + 61 e n , 

Wa-.zedS ^ g3{z)*g3{z) + SleJ\f. 

According to Devinatz's factorization theorem [39j . we can find invertible bounded 
analytic functions wi , W3 : 5 — )■ A/" with bounded analytic inverse and satisfying 
the following identities on dS 

/o7^ wi(z)wi(z)* = Wi(z), 

^ ' W3(z)*W3(z) = W3(z). 

Then, we consider the factorization 

f{z)^hi{z)h2{z)h3{z) 

with h2{z) = h^^{z)f{z)h'^^{z) and hi, given by 

hi{z) = D^D^wi(z)D~^D^, 

/i3(z) = D^D"^W3(z)D^D^. 

Note than our original hypothesis p.ip implies the boundedness and analyticity of 
/ii, /i2, /is- Then, recalling that D" is a unitary for any w e C such that Rew = 
and that 2 < Wj , Vj < 00 (so that we have triangle inequality on /2 (A^) ^-nd 
Lvj/2{-l^)), we obtain from (|3.6p the following estimates for hi and ft.3 

sup ||/ii(z)||^^^^(^j = sup ||D^wi(2;)wi(z)*D^||^^^^^^^^^ 



sup ||/l3(z) 

zedo 



|2 



sup 

zG9o 



sup ||/ii(z)D 



1 L ||2 



sup||D"i -o/i3(z)|| 



< sup 

= sup 

ze9o 

< sup 

ze9o 

= sup 

ze8i 

< sup 

zG9i 

= sup 

zeSi 

< sup 

ze9i 



°"''5i(2)||i^^(^) + 5 < 1 + 5, 



D 



■'0W3(z)*W3(z)D'-'0||^^^^^^_^^ 



33(^)D-|L^,^(^)+'5<1 + '^, 



D^wi(z)wi(z)*D" 
2 



0-51(2) 



1 1 

D"i W3(z)*W3(z)D^'i 
2 



i^.l/2(A/■) 

+ (5 < 1 + (5, 



53(2)0 "1 



lL„i(A/-) 



i.i/2(A^) 

+ (5 < 1 + (5. 



By Kosaki's interpolation, we obtain 

\\hi{e)v>^~^\ 

||D^"^/l3(0)| 



< VT+S, 



< Vi + S. 
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On the other hand, using again the unitarity of D'^ when Rew = 0, we have 

|2 



sup \\h2{z) 

z£do 

= sup\\wY^{z)gi{z)g2{z)g3{z)w^^{z)\\l , , 

zedo "^m(^) 

< sup ||wJ-\z).gi(z)gi(z)*w^'\z)*||^^j_^J|w;^^(z)*53(z)*53(z)w;^\z)||^^(_^^, 

sup \\B^-^h2{z)B^-^\\l 

= sup ||w^\z).gi(z).g2(^)g3(^)w3"\z)||^ , 

< sup ||wr'(2)5i(^)||5,^(^)||52W||' (^)||53(2)w3i(z)||^^(^) 



< sup ||w/(2).gi(2)5i(z)*w/(z)*||^ ^ ||w3^(z)*g3(z)*g3(z)w3\z)||^ ^ 



Then we combine p.7p with the inequahties 

51(^)51(2)* < 9iiz)9i{z)* + SI, 

93iz)*93{z) < 93iz)*93{z) + SI, 
to obtain by Kosaki's interpolation 

In summary, we have obtained the foUowing factorization 

f{9) = (D^wi(0))(d4-^/i2(0)D^-^)(w3(0)D^) = Ji(%2WJ3(^), 

with 



< VT+s, I1j2WIIl,,(a4) < 1, \\Me)\\L^,m < VT+S- 

Therefore, (|3.3p follows by letting (5 in 

ll&«(/(^))IIL..,..„«<i + '5- 

This concludes the proof of Lemma 13.11 for finite von Neumann algebras. □ 



Remark 3.5. Note that condition ii) of Lemma ISTTl is not needed at any point 
in the proof given above for finite von Neumann algebras. This will be crucial in 
the proof of Theorem 13.21 below. 



3.2. Conditional expectations on c?ooK 



Before the proof of Lemma 13.11 for general von Neumann algebras, we need 
some preliminary results in order to adapt Haagerup's construction to the present 
context. We begin with a technical lemma and some auxiliary interpolation results. 
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Lemma 3.6. Let M he a von Neumann algebra equipped with a n.f. state Lp 
and let D he the associated density. Let us consider a bounded analytic function 
f : S ^ Ai. Then, given 1 < p < oo, the following functions are also hounded 
analytic 

hi-.zeS ^ d(i-")/p/(z)D^/p e LpiM), 
h2:zeS ^ D^/p/(z)D(i-^)/p e LpiM). 

Proof. The arguments to be used hold for both hi and /i2. Hence, we only 
prove the assertion for hi. The continuity and boundedness of hi on the closure of 
S is trivial. To prove the analyticity of hi we may clearly assume that the function 
/ is a finite power series 

n 

f{z) = Xkz^ with Xk e M. 
fe=i 

In particular, it suffices to see that for a fixed element G A^, the function 

ho-.z^S^ D^i-^^/P^oD^/P e Lp{M) 

is analytic. If a;o G Ma is an analytic element this is clear. Assume that xq is not 
an analytic element. According to Pedersen-Takesaki [36], the net (a;^)-y>o C Ma 
given by 

TT , 

converges strongly to ccq as 7 ^ oo. Then Lemma 2.3 in [14] gives that 

h^{z) = D(i-^)/Pa;^D^/P 

converges pointwise to hQ{z) in the norm of Lp{M). Now, let us consider a linear 
functional ip : Lp{M) C and a cycle P in 5 homologous to zero with respect to 
S. Then, since < ||xo||a^ for all 7 > 0, the dominated convergence theorem 

gives 



at{xo) exp(-7t^) dt 



(p{ho{z))dz ~ lim / Lp{h^{z))dz — 0. 
7^00 Jp 

Thus, ip{hQ) is analytic for any linear functional ip : Lp{M) C and so is hg. □ 
Lemma 3.7. If 2 < u,v < 00, we have the following isometrics 

[L^{M)LUM),L.a{U)L2{M)\^ = L^{M)Lyg{M), 
[L^{M)L,{M),L2{M)L,{M)\g = Lye{M)L,{U). 
Proof. We shall only prove that 

Xe{M) = [Lu{M)Loo{M),Lu{U)L2{M)\g ^ Lu{U)Lyg{M). 

The other isometry can be proved in the same way. The lower estimate follows by 
multilinear interpolation just as in the proof of Lemma l3.1l for finite von Neumann 
algebras. To prove the upper estimate we first note that, according to Proposition 
we have a dense subset 

Di/"^(i2(A^) n L^{M)) C L.amL2/e{M). 
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Since this subset is also dense in Xe{A4) (note that the intersection in this case is 
Lu{-N')Loo{M.)) , it suffices to show that for any x of the form D^/"ay with a £ Af 
and y £ L2{A4) n Loo(A^), we have the following inequality 

(3-8) ||2:||„.2 < \\x\\xg(M)- 

Assume that the norm of x in Xe{A4) is less than 1. Then we can find a bounded 
analytic function f : S ^ Lu{N)Loq{M) + Lu{N)L2{M) satisfying f{9) = x and 
the inequalities 

S'^P ll/WlL.oo < 1' 

(3-9) °\\r. Ml 

sup ||/(z)||^2 < 1- 

ze9i 

Moreover, by our previous considerations we can assume that / has the form 

/(z)-D^/i(z), 

where /i : 5 ^ L2{M) D Loo(Ai) is a bounded analytic function. Then we deduce 
from the boundary conditions (|3.9[) and Proposition 12.61 that / can be written on 
dS as follows 

f{z) = Dig,{z)g2{z), 
with gi : dS ^ M and g2 ■ dS L2[M) n Loo{M) satisfying 

max] sup ||D-.gi(z)||^ ^ sup ||ff2(^)||i ,j^y sup ||32(z)|| , } < 1. 

Now we apply Devinatz's theorem [39 to W : z e dS — > (7i(z)(7i(z)* + 51, so that 
we find an invertible bounded analytic function w : 5 — > A/" satisfying ww* = W on 
the boundary. Then we consider the factorization 

/(z) = (D^w(z))(w-i(z)A(z)). 

Clearly both factors are bounded analytic and we have 

iii ii2 iii i|i 

sup ||D~w(z)||^ = sup ||D-w(z)w(z)*D-||^ ^ < 1 + (5, 

sup ||w-i(z)/i(z)|| < sup \\^~\z)gi{z)\\L^(^^^\\92iz)\\ < 1, 

zSoo zSoo 

sup ||w-l(z)/i(z)|| < sup ||w-l(z)5i(z)|| ||g2(^)||^^(^) <1. 

Finally, by Kosaki's interpolation and letting 6 0, we obtain inequality (|3.8p . □ 

Lemma 3.8. Assume l/u+ 1/2 = 1/p = 1/2 + 1/v and l/qe = {l-e)/p + e/2. 
Then, we have the following isometries 

[Lp{M),L^mL2iM)], - L.,^e{^)Lg,iM), 

[Lp{M),L2{M)L,{Af)]^ = L,,{M)L,,g{N). 

Proof. One more time, the lower estimate follows by multilinear interpolation 
and we shall only prove the first isomctry 

Xe(X) = [Lp{M),Lu{N)L2{M)\g^K,e{M)L^AM). 

Let us point out that Holder inequality gives 

A = Lp{M) n L^{N)L2{M) = Lu{N)L2{M). 



3.2. CONDITIONAL EXPECTATIONS ON d^K 



47 



On the other hand, it follows from Lemma [1.21 that 

Hence D^^^A^a is dense in A and in L^/g{J\f)Lqg{M) so that it suffices to see 

< \\x\\xe{M) 

for any element x of the form D^/^y for some y e Ala- Assume that the norm of a; 
in Xg{Ai) is less than 1. Then, according to the considerations above, we can find 
a bounded analytic function f : S ^ Lp{A4) + Lu{Af)L2{A4) of the form 

f{z) = D^/'P/i(z) with fi'.S^ Ma bounded analytic, 
satisfying f{9) — x and such that 

(3.10) max I sup ||/(2)|L, sup ||/(^:)|L.2| < 1- 

Moreover, since /i takes values in we can rewrite / as 

f{z) = D"^~/2(2;)D5 with /2 : 5 — > Ma bounded analytic. 
In particular, /|g^ has the form 

/(1 + it) = D^a_t/2(/2(l + ii))Di 
According to Proposition 12 . 61 and the boundary estimate for / on di, we can write 

f{l + it) - D^gi(l + rt)52(l + «i), 
with gi : di ^ N and g2 ■ di ~^ L2{M) satisfying 

(3.11) max] sup 9i{z)\\L,j^y sup ||52(^)||i, } < 1- 

By Devinatz's theorem, we can consider an invertible bounded analytic function 
w : S ^ Af satisfying w(z)w(z)* = W(z) for all z G dS where this time the 
function W : 95 — > A/" is given by 

W(^) = I ^' ^ ^ 

with z = Rez + ilmz. Then we factorize / as f{z) — hi{z)D^i h2(z) where 

hi{z) = D"w(z)D^, 

h2{z) = D"w"^(z)D^D^/2(z)d5. 

Note that Lemma 13.61 provides the boundedness and analyticity of hi and As 
usual, we need to estimate the norms of hi and /12 on the boundary. We begin with 
the estimates for hi. On do we have 

sup ||/ii(z)D"" 11^^^ = ™p ||cri/„(w(ii))||^^^ 



sup ||w(z)| 



sup ||w(z)w(z)*f/^^ = 1. 



z£do 

On di we apply the boundary condition (|3.1ip 



sup \\hi{z)\\l^^j^^ = sup ||crt/„(Diw(l +ii))||^^j^^ 
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= sup ||D^w(z)||5^ 

= sup||D"w(z)w(z)*D"||^ ,^ 

< sup ||cr_i„^/„(D".gi(z).gi(z)*D")||^ (A^) + 

|2 



sup D"5i(z) 



zedi 



i„(A/-) 



6 <l + S. 



For the estimate of /12 on do we use p.lOp 



sup 11/12(2)1 



zedo 



Lp{M) 



sup 

teR 

sup 



= sup 

teR 

< sup 

teR 

= sup 

teR 



C^t/n(w"\it))crt/„(a_t/p(Dp/2(li)))||^^(^^ 

w-i(it)a„t/p(D^/2(zi))||^^(_^) 

a-t/2(D^/2(z<))||^^(^) 

sup 11/(2;) 



zeOo 



< 1. 



Finally, we use again (j3.1ip to estimate h2 on di 
sup \\B-ih2{z)\\ 



= sup 



= sup 

teR 

< sup 



< sup 

teR 

= sup 



CTt/n(w^^(l + it))gi(l + ii)52(l + »0|L,(^) 
CTt/„(w-i(l + it))gi{l + «0|L^(A^)||52(1 + it^L^^M) 
at/ui^'Hl + tt))giil + it)giil + z<)Vt/„(w-i(l + «t))li^(^) 



w-i(l + i<)cr„t/„(gi(l + ii)5i(l + it)*)w ^{l + it)* 



1 1/2 

Il„o(a^) 



\* — 1 / A* II / 
) ^ IIloo 

In summary, by Kosaki's interpolation we find 



< sup ||w "'"(z)w(z)w(z)*W "'"(2)*||^ ^/jVi = 1- 

zedi ' 



\hi{9)I)- 



<Vl + 5 and \\D--h2{e)\\ < 1. 



Therefore, since we have 

/(0)-(/.l(^^)D-^)(D-^/^2(0)), 
the result follows by letting 5^0. This completes the proof. 



□ 



Remark 3.9. For the proof of Lemmas l3.7l and [3.8l it has been essential to have 
an explicit description of the intersection A of the interpolation pair. The lack of 
this description in the general case is what forces us to use Haagerup's construction 
to extend the result from finite to general von Neumann algebras. 
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Let US consider a so-called commutative square of conditional expectations. 
That is, on one hand we have a von Neumann subalgebra A/i of A^i. On the other, 
we consider a von Neumann subalgebra Af2 of AI2 such that A^2 (resp. is a 
von Neumann subalgebra of A^i (resp. Afi) so that the diagram in Figure II below 
commutes. The interpolation results in Lemmas 13.71 and 13.81 will allow us to show 
that the conditional expectation Em extends to a contractive projection on the 
amalgamated spaces which correspond to points l/v,l/q) in the set 9ooK. 



Em 

Ml ''M2 




Figure 3.1. A commutative square. 



Observation 3.10. Let us assume that the commutative square above satisfies 
that Ei(Al2) C Af2- Then we claim that the restriction Ei|^^ of Ei to AI2 coincides 
with E2. Indeed, let us consider an element x G A^2- Then, since Ei(a;) £ M2, we 
have 

Ei(a;) = Ea/- o Ei(x) = E2 o Em{x) = E2(a;). 
Similarly, we have E^^j^^ = Ej\f whenever Em{J^i) C Af2- In what follows we shall 
assume these conditions on the commutative squares we are using. In fact, the 
commutative squares obtained from the Haagerup construction defined below will 
satisfy these assumptions. 

Proposition 3.11. If 2 < u,v < 00, Em extends to contractions 
Em : L,,{^fl)L2{Ml) -> Lu{N2)L2{M2), 
Em : L2{Mi)L„{Ni) -> L2{M2)L.,{N2). 

Proof. Let us note that for any index 2 < p < 00, the natural inclusion 

J : Ll{M2,E2) ^ L;{Mi,E^) 

is an isometry. Indeed, since the space Lp{M2) embeds isometrically in Lp{Mi) and 
the conditional expectation E2 is the restriction Ei|^ of Ei to A^2 (see Observation 
I3.10p . the following identity holds for any x £ Lp{Ai2, E2) 

\\j{x)\\Lr(^M^.E^) = || Ei (a^X* ) || ^^^^^ ^ ^ \\E2{xX*y/^\\ ^^^^^^ = II 3^11 L;(.M. ,E.) • 

Now let us consider the index 2 < it < oo defined by 1/2 — 1/u + l/p. When u > 2 
we have p < oo and Proposition 1 1 . 1 Ol gives 

Lu{J^,)L2{M,)^L;{Mj,E,r for j = l,2. 

Therefore, our map Em ■ Lu{J^i)L2{Mi) —> Lu{J^2)L2{M2) coincides with the 
adjoint of j so that we obtain a contraction. Finally, for u = 2 we just need to note 
that Lu{Afj)L2{Mj) embeds isometrically in Lp{Mj, Ej)* for j = 0, 1. Indeed, the 
first part of the proof of Proposition 11.101 holds even for p = oo. Therefore, in this 
case our map is a restriction of j* to a closed subspace of Lp{Mi, Ei)* and hence 
contractive. The proof of the contractivity of the second mapping follows in the 
same way after replacing Lp{M, E) by Lp{M, E). □ 
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Proposition 3.12. If 2 < u,v < oo, Em extends to a contraction 

Proof. According to Proposition 12. 6[ it suffices to prove the assertion on the 
dense subspace juv{-N'iuLoo{M.i)Niv) ■ Thus, let x be an element in such subspace 
so that it decomposes as a; = D-^/"a?;o/?D^/^ with a, /3 e A/i and j/o G A^i- Let us 
define the operators 

a = (aa* +(5l)^^^ h = {(3* P + Slf^ , y = a'^ayoPb-^ , 

so that X — D^/"a?;6D^/^. Then, we proceed as in ^21i by writing EjVi(a;) as follows 



We clearly have 



(3.12) 



|D^E^(a2)V2| 



< 



< 



li„(A/'i) 



1/2 
1/2 



Il„(aA2) 

On the other hand, let us consider for a moment a von Neumann subalgebra M 
of a given von Neumann algebra Ai and let E : Al ^ A/" be the corresponding 
conditional expectation. Let us consider a positive element 7 G satisfying 
7 > (51. Then we define the map 

A^:weM^ E(72)-i/2e(^u;^)E(72)-i/2 j^^ 

According to [21| . this is a completely positive map so that ||A^|| = ||A-y(l)|| = 1. 
Thus, A^ is a contraction. Then we apply this result to 



7 



a 
b 



More concretely, A-y : M2 (g) A^i ^ M2 (g) AI2 is given by 



) ^^Miiw-f) Em(^ q p ) 



a' 



with E 



M 



id<SiE 



M- 



Then we observe that 



A. 



y\_fO E^(a2)-V2E^(ay5)E^(62)-i/2 



/ y \ 
\0 J 





In particular, since < |h^"^Q!||^J|yo|| A^i ||/3fe^"^ Hj^-^ < ||yo||Aii, we deduce 

(3.13) ||E^(a2)-i/2E^(ay5)E^(62)-i/2||^^^^^^ < ||j;o||^^(^^). 

In summary, according to p.l2p and (|3.13p 



'"||l„(a^i)+'^) llyo||L^(^i)(|pD" 



(5 



||D^EA^(ayo/?)D^||^.^.„ < (||D^. 
The proof is completed by letting (5 — s- and taking the infimum on the right. □ 
Corollary 3.13. // (1/u, 1/w, l/g) G 9ooK, Em extends to a contraction 
Em : LuiMi)L,{Mi)L,{Mi) Lu{N2)Lq{M2)L^{N2). 
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Proof. The case l/g = has aheady been considered in Proposition 13.121 
Thus, assume (without lost of generahty) that 1/v = 0. Then, we know from 
Propositions 13.111 and 13.121 that 

Ea4 : Lu{Ui)L2{Mi) ^ L^{M2)L2{M2), 

are contractions. Therefore, it foUows from Lemma [3771 that the same holds for 
£m ■■ Lu{Ni)Lq{Mi) ^ Lu{N2)Lq{M2) 

when 2 < q < oo. Finally, it remains to consider the case 1 < 9 < 2. Given 
1 < 9 < 2 and 2 < w < 00 such that 1/w + l/g < 1, we consider the index defined 
by 1/p = 1/u + l/q. Then, according to Lemma 13.81 we have 

U,{^fl)Lq{Ml) - [Lp{Mi),LuA^fi)L2{Mi)\g, 

for some Q < 9 <1 and some 2 <ui < oo. Note that the fact that ui can be chosen 
so that 2 < wi < 00 follows by a quick look at Figure I. By Proposition 13.111 Em 
is contractive on L„j (A/i)L2(A^i) and of course on Lp{Aii). Therefore, the result 
follows by complex interpolation. □ 



3.3. General von Neumann algebras I 

In this section we prove Lemma 13.11 under the assumption min(go,9i) < 00. 
However, most of the arguments we are giving here will be useful for the remaining 
case. Before starting the proof we fix some notation. As in Lemma 13.11 we are 
given a von Neumann subalgebra of and we denote by E : A^ — > A/" the 
corresponding conditional expectation. According to the Haagerup construction 
sketched in Section 12.11 we have 

k>l 

As above, we consider the conditional expectation 

SGG 

and the state ip — ip o Ex on TZm- Moreover, we have conditional expectations 
£Mk ■ T^M — *■ A^fe for each /c > 1 so that (if ipk denotes the restriction of ^ to A^^ 
and D^^ stands for the corresponding density) the family of finite von Neumann 
subalgebras (A^A:)fc>i satisfy 

(3.14) ci{k)lM, < D^, < C2{k)lM,- 
Moreover, given < < 1 and 1 < p < cx), we have 

(3.15) lim 

k — ^00 

for any x £ TZm- Clearly, we can consider another Haagerup construction for the 
von Neumann subalgebra J\f so that the analogous properties hold. In summary, 
we sketch the situation in Figure III below. 



D 



{l-r,)/p 



(£-£fe(i))D 



n/p 
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Figure 3.2. Haagerup's construction. 

Now let us consider two points (I/uq, I/wq: l/^o) f^nd (1/ui, 1/wi, l/<Zi) in 9ooK. 
Then it is clear that the natural inclusion mappings 

id:L^,{N)L^,{M)L,„{N) -> L„,(7^A^)ig,(7^A^)L,,(7^AA), 
are contractions. In particular, defining for Q < 9 <1 

Xg{M) = \Lu„{U)L^,{M)L,,{M),LuA^)L,,{M)L^A^)\ , 

L IB 

^eiT^M) = Lu(,{'R-j^)Lq^^{TZM)Lva{T^N'):Lu^{TZj^)Lq^{TZM)Lvx{T^M) , 

J 6 

we obtain by interpolation that id : Xe{Ai) Xg{TZM) is also a contraction. 
Now, considering the commutative square on the right of Figure III, it follows from 
Corollary 13. 131 that for each fc > 1 we have contractions 

Moreover, Mk satisfies (I3.14p for each fc > 1. In particular, since we have already 
proved that Lemma 13.11 holds in this case, we obtain by complex interpolation a 
contraction Em, ■ ^0{T^m) Lue{-^k)LqAMk)LyA-^k)- In summary, writing 

we have found a contraction 

(3.16) EMk ■■ MM) ^ LuA^k)Lq,{Mk)L,A^k). 

On the other hand, regarding the space L„g {Nk)Lqg {Mk)Ly„ (A/fe) as a subspace 
of Lug{TZjsf)Lqg{TZM)Lve{Ti-N'), we can consider the restriction of the conditional 
expectation to A^fc and define the following map 

■■ Lu,{^k)Lq,{Mk)L,,iJ^k) ^ L^AJ^)Lq,{M)L,,{^)- 
The following technical result will be the key to prove Lemma |3. II 

Proposition 3.14. Ifk>l and <0 <l, Em extends to a contraction 

Em ■■ Lu,{M'k)Lq,{Mk)Ly,{-^k) Lue{M)Lq,{M)Ly,{-^). 

Proof. It clearly suffices to see our assertion on the dense subspace 

where Mk^a and Nk,a denote the ^-algebras of analytic elements in Mk and A/l- 
respectively. Thus, let us consider an element x in Ak and assume that the norm 
of X in Lug{Nk)Lqf,{Mk)Lyg{Mk) is less that 1. Then, since we know that Lemma 



1 
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13. II holds for finite von Neumann algebras satisfying (|3.14|) . we can find a bounded 
analytic function f : S Ak satisfying f{9) — x and the boundary estimate 

max <^ supllffz)!! , sup 11 ffz)!! ? < 1- 

Then we use the hypothesis 1 / ug + 1 / qg + 1 / vg ~ 1 /uq + 1 /vq + 1 /qq and Lemma 
11.21 to rewrite Ak as follows 

Ak = Dl/«« + l/29o_^^^^Dl/29o + l/,.o. 

Therefore, multiplying if necessary on the left and on the right by certain powers 
of D^^ and its inverses, we may assume that / has the following form (recall that 
we are using here the property (|3.14|) ') 



(3.17) 
with fi'.S 



f{z) = d;i° d- D^^r Kl' /i(^) Kl' D^'r D^ID^T , 

Mk,a bounded analytic. In particular, we have 
DS^'^/i(z)Dji^+^ 



sup 



"0 ■'Jo- I'D 



sup 



— + — !^ 



/i(^)D 



< 1, 

< 1. 



Note that here we have used the fact that D™^ is a unitary for any w g C such that 
Re It; = 0. Now we apply CoroUarv 13.131 to the commutative square on the left of 
Figure III. In other words, we have contractions 

■■ U,{Mk)Lq^{Mk)L^,{Nk) ^ Lu,{N)Lq^{M)L,^{N) 
since (1/uj, 1/wj, l/'Zj) G 9ooK for j ~ 0, 1. Therefore, 



sup 



D7 



Ea4(/i(^))D^' 



290 



sup 

zG9i 



< 1, 

< 1. 



Ea,(/i(z))D^" - 

«i-(ji-i>i 

Then, according to Proposition 12. 6[ we can find functions gi, gs : dS 
52 : dj Lq. {M) such that 

Dy29.E_^(/^(^))Di/29. =g^(^)^2(^)ff3(^) foraU zed, 
and satisfying the following boundary estimates 



J\f and 



{l|D75i(^)|L„^(^),||ff2(^)|L^^(^),||<?3(^)D7|L^,^(^)} < 1, 
sup {||D^gi(z)||^^^(^^,||(72(^)|L^^(_^),||g3(^)D^||^^^^(^)} < 1. 



sup 

zGSo 



zG^i 



Then we can proceed as in the proof of Lcmma l3.1l for finite von Neumann algebras. 
Namely, we apply Devinatz's factorization theorem to the functions 

Wi : Z GdS 1-^ Crimz/2gi-Imz/2go (51(2^)31(2:)*) +5leAf, 
W3: Z edS 1-^ C^Imz/2go-Imz/2gi (gsiz)* gsi^)) +51eAf, 

so that we can find invertible bounded analytic functions wi , W3 : 5 — > A/" satisfying 

wi(z)wi(z)* = Wi(z), 
W3iz)*W3{z) = W3(z), 
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for all z e dS. Then we consider the factorization 

E^(/(z))=/ll(z)/l2(^)/^3W 

with h2{z) — h^^(£)^M{j{zy)h^^{z) and hijh^ given by 

hi{z) = Dj^Dfwi{z)B^'^Df , 

hsiz) = d|'D;'^W3(z)d|^D^. 

To estimate the norm of hj{9) for j — 1,2,3 in the corresponding Lp space we 
proceed as in the proof of Lemma l3.1l for finite von Neumann algebras. That is, we 
first show the boundedness and analyticity of hi,h2,h^- This enables us to estimate 
the norm on the boundary dS and apply Kosaki's interpolation. Let us start with 
the function hi. To that aim we note that 
(a) If uq < Ui, we can write 

hi{z) = D|^D^,■^"'^''^"^■'wl(z)D^,'^"'^^^ 



(b) If uo ^ ui, we can write 

hi{z) = (D7Di^"^^'wi(z)D^^"^^^'"'^)Di.^"^\ 
By Lemma |3.6[ hi is either bounded analytic or can be written as 



hi(z) = 3i{z)B'^^' 
with ji bounded analytic. In any case, Kosaki's interpolation gives 

_e e_ , _i i_> 

||/ii(6')D;i W^^^^j^) < max I sup \\hi{z)\\^^^^j^y sup \\hi{z)D;' IL„,(a/-)}- 
Moreover, arguing as in the proof of Lemma |3. II for finite von Neumann algebras 



sup ||/ii(z)||^ < Vl + (5, 

zedo 

_1 1_ 

sup ||ft,i(z)D^i "° |L < VTTs. 

Indeed, the only significant difference (with respect to the proof for finite von 
Neumann algebras) is that we can not assume any longer that D™ is a unitary for a 
purely imaginary complex number w. However, this difficulty is easily avoided by 
using the norm-invariance property of the one-parameter modular automorphism 
group. In fact, that is the reason why we used the modular automorphism group 
in the definition of Wi and W3, see also the proof of Lemma [3.81 Our previous 
estimates give rise to 



(3.18) "1L„^(A^) < vTT^. 

Similarly, we have 

(3.19) llof ~^/i3(^)|L„^(^) < VTTs. 

Finally, we consider the function h2. To study the boundedness and analyticity of 
/12, we recall the expression for / obtained in p.l7p . Then, we can rewrite /i2 in 
the following way 

h2iz) = D^D^'^w^\z)B^I)fiEM{h{z))^fi'D^w^\z)D~'^Df . 
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Using one more time that I/mq + l/go + l/^o = + l/gi + 1/wi, we can write 

(a) If max(ito, ui) — uq and max(wo, vi) — vo, we have 

h2{z) = Bf~'^w^\z)I)J^~~ 

The first and third terms on the right hand side are bounded analytic 
by Lemma 13.61 The middle term is clearly bounded analytic in Lq-^(M). 
Indeed, it follows easily from the fact that D^^, satisfies p.l4p . 

(b) If max(Mo, ui) — ui and max(wo, vi) — vi, we proceed as above with 

(c) If max(Mo, Ml) — uo and max(uo, vi) — vi, we proceed as above with 

(d) If max(ito, ui) = ui and max(wo, vi) — voi we proceed as above with 

In any of the possible situations considered, Kosaki's interpolation provides the 
following estimate 

< max{sup||/i2(2)|| ,sup||D7 "/la^D^ ~|L (^)}- 

On the other hand, arguing one more time as in the proof of Lemma |3.1[ 



sup||D7 "^/i2(^)D7 < 1. 

In particular, 

(3.20) ||D7"-/i2(W"'^IL,^(^) < 1- 

In summary, we have found a factorization of E» (a;) 

^Mifm = (/ii(0)Df ~^)(D7"^/i2WD7"^)(dJ"-/i3(^)) 
which, according to p. 181 13.191 13.20p , provides the estimate 

||EA^(a;)|| <1 + S. 

Therefore, the proof is concluded by letting (5 ^ in the inequality above. □ 
Corollary 3.15. Ifk>l and < 9 < 1, we have 

\\^M£MAx)\\ue-qe-ve - W^W^eiM) for all X G Xe(Al). 

Proof. The result follows automatically from p.l6p and Proposition l3.141 □ 
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Proof of Lemma 13.11 As in Lemmas 13.71 and 13.81 and also as in the proof 
for finite von Neumann algebras, the lower estimate follows by using multilinear 
interpolation. This means that we have a contraction 

(3.21) td : Lug{M)L,,{M)L,,iM) ^ Xg{M). 

To prove the converse, let us consider the space 

A = Dy"«AADy29«7V/(Di/29«_^Di/^9_ 

According to Proposition 12.81 and Corollary 13.151 given x G A we have 

Therefore, we need to see that the limit above is 0. To that aim, we use that x G A 
so that we can write 

x = Dy"«yDy'"' with yeL,,iM). 
Then we use the contractivity of on Lq^ilZ-jvi) to obtain 



fe^OO " 'Wug-qg-Vg fc-,oo" ^ ^ J'^'k \a / J ip l\ug-qg-Vg 



< lim \\y-£MAy)\\L in^y 

Then, recalling our hypothesis niin((7o, gi) < oo assumed at the beginning of this 
paragraph, we deduce that qg < oo for any < 6 < 1. Therefore, according to 
p.lSp we conclude that the limit above is 0. In particular, we have 

\\x\\ug-qg-Vo = \\x\\xg(M) ^r all X &A. 

Now, using the density of A in Lug{N)Lqg{M.)Lyg[N) and (|3.2ip we deduce that 
the same holds for any x e Lug[N)Lqg{M.)Lvg{M). Hence, it remains to see that 
Lug{.N')Lqg{M.)Lyg{N) is dense in Xe(Al). To that aim, it sufhces to prove that 
the subspace 

is dense in Xe(7W). Moreover, since the intersection space 

A = Lu,X^f)Lq,{,M)L,„{^) n LuA^f)LqAM)L,,{N) 

is dense in Xe(A^) for any < < 1, we just need to approximate any element a; 
in A by an element in Em^m^ 0^e{M)) with respect to the norm of Xe{M). Using 
one more time that min(go,9i) < oo we assume (without lost of generality) that 
qo < oo. Then, applying the three lines lemma 

— E iu£iu, (a;)||^ ,,.,< Ila; — Ea4^^a4i (a;) II * ||x — Eiu£iu, (a;)||* , 

we just need to show that the first term on the right tends to as fc — > c» while 
the second term is uniformly bounded on k. The uniform boundedness follows from 
Corollary 13.151 since 

\\x- EM£Mk{x)\\^^,^^,^^ < \\x\\u,-q,-v, + \\^M£Mk{x)\\u,.q,.vi - ^ lk|| m -gi -t;! . 

For the first term, we pick y e Lqg{A4) so that 

||x-Dy"''yDy'"'|| <S. 

II V a ip lltio-go-^o ~ 
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Then we have 



\x-£m£m.{x)\1_ < ||x-Dy-yDy-l 



In particular, according to Corollary 13. 151 



/vo I 



< 2S+\\y-EMSMM\\L^^t^M) 

= 26+\\EM{y-£Mdy))\\L^^^(^M) 

< 25+\\y-£MM\L,„iTi^y 

Finally, since 90 < oo by hypothesis, we know that the second term on the right 
tends to as A: — > cx). Then, we let S ^ 0. This completes the proof of Lemma |3T] 
for general von Neumann algebras with min((7o, (71) < 00. □ 

3.4. General von Neumann algebras II 

To complete the proof of Lemma lS.ll we have to study the case min((7o, 9i) = 00. 
Note that the proof above fails in this case since p.lSp does not hold for p = 00. 
However, Corollarv l3.15l is still valid in this case so that it suffices to see that 

(3.22) \\x\\ui,-oc:-ve <snp\\EM£MAx)\\^g.^.^^ for aU xeXeiM). 

k>l 

Indeed, since the lower estimate follows one more time by multilinear interpolation, 
inequality (|3.22p and Corollary 13.151 are enough to conclude the proof of Lemma 
13.11 In order to prove p.22p we shall need to consider the spaces 

Lp{M,E) ®M LqiM,E) = \^^^wikW2k \ e ip(Al,E), W2k € Lq(7W,E)| 
for 2 < p, q < 00 and equipped with 

= inf { II ( '^\^(^J| ( W)) 

where the infimum runs over all possible decompositions 

y = wikW2k- 

It is not hard to check that Lp{M, E) (>^m L'^qiM.^ E) is a normed space, see e.g. 
Lemma 3.5 in |14) for a similar result. The notation ®m is motivated by the fact 
that the norm given above comes from an amalgamated Haagerup tensor product, 
we refer the reader to Chapter [6] below for a more detailed explanation. The 
following result is the key to conclude the proof of Lemma 13.11 We use the well 
known Grothendieck-Pietsch version of the Hahn-Banach theorem, see |38j for more 
on this topic. 

Theorem 3.16. Let 2 < p,q,u,v < 00 related by 

l/u+ l/p= 1/2 = l/v + l/q. 

Then, we have the following isometry via the anti-linear bracket (x,y) — tr(a;*j/) 

Lu{Af)Loo{M)L,{Af) = {l;{M, E) (g>M L^iM, E))* . 
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Proof. Given x = ayb in Lu{N)Loo{M)Lv{N)^ Holder inequality gives 



tr 



WlkW2k 



tr 



a wik eifc 



W2kb* <E) eki 



< 



< 



'{^^ Wife ® eik 



1/2, 



||a||«||2/||oo||6|| J(Xl,. E(wuwlfe) 



2/||ootr([^^^ E{w;kW2k) 

1/2|| 



6*5 



1/2 
1/2 



Thus, taking the infimuni on the right, we have a contraction 

X e Lu{Af)L^{M)L,{Af) ^ tv{x* •) e {l;{M, E) L^(7W, E))*. 

To prove the converse, we take a norm one functional ip on Lp{M, E) 0^ ^^(/M, E). 
If 1/s = 1/p + 1/q it is clear that (see Remark ll.Tp 



L,iM) = Lp{M)Lg{M) -> L;iM, E) ®m L'^iM, E) 
is a dense contractive inclusion. In particular, we can assume that there exists 

xeL,,iM)^LuiM)L,{M) 

satisfying 

(3.23) ^{y)^^,{y)^tT{x*y). 

To conclude, it suffices to see that ||x||„.oo t) < 1- Let us consider a finite family 
2/1: 2/2, ■ • ■ , J/m in the dense subspace Lp{Ai)Lq{A4) with decompositions 

yk = wikW2k- 

Since (px has norm one 



WlfcW2fc 



< 



1/2 I 



1/2 



Moreover, since the right hand side remains unchanged under multiplication with 
unimodular complex numbers Zk G T, we have the following inequality 



1/2 I 
ip/2(A/')l 



1/2 



^Jy^x{wikW2k)\ < I X^ E(wifeu;Jfe) 

Now we consider the unit balls in Lu{M) and Ly{J\f) 

Bi = [aeLu{J^) \ ||a||L„(A^) < l}, 
B2 = {/3ei.(AA) I ||/3|U„(A^) < l}. 

By the arithmetic-geometric mean inequality 

(3.24) ^^\(px{wikW2k)\ 

^( ™P ^,.^'^{o^Hwikwlk)(^*) + sup X tr(/3*E(u;2feW2fc)/3) 



< 



/36B2 



^( ''T ^ 



- sup \\w2kl3 



|2 

Il2(A1) 
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Note that Bi and B2 are compact when equipped with the (j{Lu{Af), Lu'{JV)) 
and the <j{Lv{N),Lyi{N)) topologies respectively. Now, labelling [wik)k>i and 
{w2k)k>i by Wi and W2, we consider /wiW2 : Bi x B2 — > K defined by 



\LPx\WlkW2k] 



/wiw,(a,/3) = Y.k h^^^^L.iM) + Hk ll^2fc/?|L,(A1) ^ ^IIa 
This gives rise to the cone 

C+ = |/„iW2 e C(Bi X B2) I wikW2k e Lp{M)Lq(M)Y 

Then we consider the open cone 

C_ = {/eC(BixB2)| sup/<0}. 

According to (|3.24p . the cones C+ and C_ are disjoint. Therefore, the geometric 
Hahn-Banach theorem provides a norm one fmictional ^ : C(Bi x B2) M satisfying 

e(/-)<P<e(/+) 

for some p G R and all {/+,/-) E C+ x C_. Moreover, since we are dealing with 
cones, it turns out that p = and is a positive functional. Then, according to 
Riesz representation theorem, there exists a unique (positive) Radon measure /ij 
on Bi X B2 satisfying 



(3.25) af) 



f fdfi^ foraU / e C(Bi x B2 

JBi XB2 



In fact, since ^ is a norm one positive functional, fi^ is a probability measure. Now 
we use that ^i^.^ takes values in R4. and (j3.25ll to obtain the following inequality 

\'Px{wikW2k)\ < tr (wikwl^a* a) dfi^{a,P) 

+ / ^'^{w2kW2kPf3*) dfi^{a,(3) 

= Hk + Hk ll^2fc/3o||'^(^), 

where (ao, /?o) G Bi x B2 are given by 

'^0 = ( f a*adp^{a, P)\ G Bi, 

1/2 



/3o = ( Pl3*dp^ia,(3)) e B 



'Bi XB2 

Then, using the identity 2rs = inf^>o (7^)^ + (s/7)^, we conclude 

Y,J'PA'^lkW2k)\ < (l]J|ao«^lfc||L2(A4)) ^ (Ejh2fe/3o||l^(^)) ^ . 

In particular, given any pair (wi, W2) G Lp{A4) x Lq{A4), we have 

(3.26) \^xiwiW2)\ < ||aoWi||i^(^)||w2/3o||i^(_;vi)- 

Let us write qag and q^^, for the support projections of uq and Pq. Then we define 

dao = "O + (1 - 9ao)D(l - gao)> 

df3o = /3o +(l-9/3o)D(l-g/3o)- 
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Note that (j>ao = tr((iao-) and (jip^ ~ tr{df3g-) are n.f. finite weights on A^. In 
particular, by Theorem 1 1 . 31 we know that 

dl{^M ^L2{M) and Xd^f -> L2(X) 

are dense inclusions. Therefore, since 

qaodii^M = a^^^M = aoa^^^M C aoLp{M), 

it follows that aoLp{M) (resp. Lq{M)l3o) is dense in qaoL2{M) (resp. L2{M)qi3o). 
Hence we can consider the linear map 

determined by the relation 

{l3oW2,Tx{aoWi)) = ir{w2f3oTx{aoWi)) = Lpx{wiW2). 

According to p.26p . is contractive. Moreover, is clearly a right Al module 
map so that it commutes with the right action on M . This means that there exists 
a contraction m M satisfying Tj;(q!oWi) = muQWi. Finally, applying we 
deduce the following identity 

tr(a;*wiu;2) = ^x{wiW2) = tr(Tj;(aoWi)w2/3o) = tr(/3omQ;oWiW2) , 

which holds for any pair (wi, W2) G Lp(A^) x Lq(Al). Therefore, by the density of 
Lp{M)Lg{M) in L^M, E) (g)M L^^iM, E) we have 

Then, since (q;o,/9o) G Bi x B2 and m is contractive, we have ||a;||„.oo-u < 1. D 

Observation 3.17. With a slight change in the arguments used, we can see 
that Theorem 13. 161 holds for any (u, u) G [2, 00] x [2, 00] such that max(u, u) > 2. 
Indeed, by symmetry it suffices to see that 

(a) Lu{M)L^{M)L2{M) = E) ®m L^M, E))* for any 2 < m < 00. 

(b) L„(AA)Loo(M)Loo(AA) = {L;{M, E) ®m L'i{M, E))* for any 2 < u < 00. 

Since the proofs are similar, we only prove (a). Recalling that Lp{M)Loo{M) is 
norm dense in Lp(A^, E) (g)^ L^(7V(, E), we deduce that every norm one functional 
ip : L'p{M,£) ®M Ll^{.M,£) ^ C is given by ip{y) = ip^{y) = tr(a;*y) for some 
X £ Lp/{Ai). Using one more time the Grothendieck-Pietsch separation trick we 
get 

|tr(a;*wiit;2)| < IpoWi ||2V'(E(u'2U'2)) 
for some ao in the unit ball of Lu{M) and tj} G M* ■ Let (cq.) be a net such that 
Bq ^ 1 strongly so that lime ip{eay) — ^n{y) gives the normal part. Now replace 
y by yea and we get in the limit 

1 /2 

|tr(x*WiW2)| < ||Q;oWl||2</'n(E(w2^i'2)) 

Thus |tr(a;*wiW2)| < Hcto^i'i ||2||w2/3o||2 and we may continue as in Theorem 13. 161 

Proof of Lemma 13.11 As we already pointed out at the beginning of this 
section, we have to prove inequality (|3.22p . Before doing it we recall that the indices 
{u0,vg) satisfy 

(3.27) 2<max(ue,we) and min(ue, we) < 00. 
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for any < 6 < 1. Indeed, otherwise we would have ue = ve = 2 or ug = ve = oo. 
However, (1/2,1/2, 0) and (0, 0, 0) are extreme points of K n {z = 0} and this is not 
possible for < 6* < 1. The first inequality in (|3.27p allows us to apply Theorem 
13.161 after Observation 13.171 while the second inequality will be used below. Now, 
let X be an element of Lug{Af)Loc{.M)Li,^(J\f). According to Theorem I3.16i we 
know that we can find a finite family {wik,W2k) G Lpg{A4) x Lqg{A4) with 

l/ug + 1/pe = 1/2 = 1/ve + 1/qe 



so that 
(3.28) 



and 



1/2 



1/2 



< 1, 



< 



tr X 



Moreover, given 1/s = 1/ue + l/i'e7 we have 



WlkW2k 



+ S. 



tr 



WijW2j 



According to (|3.27p we have 1 < s < oo. Then, it follows from (|3.15p that the first 
factor on the right hand side tends to as /c ^ oo while the second factor belongs 
to Ls'{M)- In conclusion, we obtain the following estimate 



< 



lim 



5. 



Using (j3.28p and applying Theorem 13. 161 one more time 



\x\\u 



< sup EA<£A4t 

k>l 



S. 



Thus, ([3:221) follows for x G LueW)Loo{M)Ly,{N) by letting 5 ^ Q. Finally, 
as in the case min(go,'Zi) < oo, it remains to see that Lug[N)Lryo[M)Lvif[N) is 
dense in Xe(A^). Here we also need a different argument. Let us keep the notation 
I/uq + I/wq = 1/s = 1/mi + l/i^i. Then, we may assume that {uq^vq) = (s,oo) 
and (ui,wi) = (oo,s). Indeed, if we conclude the proof in this particular case, 
the general case follows from the reiteration theorem for complex interpolation, see 
e.g. [l]. This can be justified by means of Figure I, since the segment joining the 
points (1/uo, 1/fo, 0) and (1/ui, 1/fi, 0) is always contained in the segment joining 
(1/s, 0, 0) and (0, 1/s, 0). Thus, we assume in what follows that 

Xe(Al) = \Ls{M)L^{M)L^{M),L^{M)L^{M)Ls{M)\ 

J 

so that I/uq — {\ — 6)/ s and I/vq — 0/ s. By the density of 

A = L,{M)L^{M)L^{M) n L^{M)LUM)Ls{M) 

in Xe(Al), it suffices to approximate any element a; G A. In particular, we can 
write x = aobo and x = biai where ao,ai € Ls{J^) and 5o,6i G A4. Moreover, we 
can assume that = ai. Indeed, taking 



a 



1/2 



we have x — 



i^^aobo — aco and x ~ h\a\a^^a = cia with 



\cj\\M<\\bj\\M for J =0,1. 
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Then ci — acoa^^ and we claim that a^c^a^^ is in Al for aU < < 1. Indeed, let 
(j) be the n.f. finite weight </)(•) = tr(a'*-) and let M yi„4, M be the crossed product 
with respect to the modular automorphism group associated to 0. Let us consider 
the spectral projection p„ = l[i/„ „](a). Then, for a fixed integer n the function 

is analytic so that 

Wfnm < sup |K,(co)|riaf, (acoa-i)f = ||co|| i-^Hacoa-^ 1^ = ||co|| ^-''llci H". 

Sending n to infinity, we deduce that a^coa~^ is a bounded element of x^r* M. 
Moreover, using the dual action with respect to (j), we find that a^c^a^^ belongs to 
Ai. Therefore, we obtain 

We have seen that the intersection space A is included in Lug{Af)Loo{.M)Lyg{Af). 
Hence, the result follows since A is dense in Xg{Ai). The proof of Lemma [3T] (for 
any von Neumann algebra) is therefore completed. □ 

3.5. Proof of the main interpolation theorem 

To prove Theorem 13.21 we need to know a priori that Lu{Af)Lq{Ai)Ly{J\f) is 
a Banach space for any indices {u,q,v) associated to a point 1/q) £ K. 

This is a simple consequence of Lemma 13.11 Indeed, according to Lemma 12.51 and 
Proposition [2?6l we know that our assertion is true for any 1/g) G 9ooK. 

In particular, it follows from Lemma l3.1l that 

is a Banach space for any < < 1 whenever {uj,qj,Vj) G 9ooK for j = 0, 1 
and 1/ito + 1/qo + I/vq = 1/ui + 1/qi + l/vi. In other words, according to the 
notation introduced at the beginning of this chapter, this condition holds whenever 
{l/uj,l/vj,l/qj) G n 9ooK for j = 0, 1 and some < r < 1. Therefore, it 
suffices to see that Kt- is the convex hull of K,- n 9ooK for any < r < 1. However, 
this follows easily from Figure I. Note that K,- is either a point (r = 0), a triangle 
(0 < T < 1/2), a pentagon (1/2 < r < 1) or a parallelogram (r = 1). 

Observation 3.18. In fact, in the case of finite von Neumann algebras. Lemma 
13.11 provides more information. Namely, according to (|3.4p and the fact that K,- 
is the convex hull of Kr n 9ooK, we deduce that NuLq{M)Nv is a normed space 
when equipped with ||| for any {l/u,l/v,l/ q) G K. Moreover, A/'„Lg(A^)A/'„ 

embeds isometrically in Lu{Af)Lq{M)Ly{J\f) as a dense subspace, something we 
did not know up to now (see Observation 12. 9p . This means that Lemma [2.51 and 
Proposition 12 .61 hold for any point in K in the case of finite von Neumann algebras. 

Proof of Theorem 13.21 Now we are ready to prove Theorem 13.21 The 
arguments to be used follow the same strategy used for the proof of Lemma l3.1l In 
particular, we only need to point out how to proceed. In first place, as usual, the 
lower estimate follows by multilinear interpolation. 

Step 1. Let us show the validity of Theorem 13.21 for finite von Neumann algebras 
satisfying the boundedness condition (|3.ip . First we note that, once we know that 
Lu{Af)Lq{M)Ly{Af) is always a Banach space, the proof of Lemma \3l3\ is still 
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valid for ending points {l/uj,l/vj,l/qj) lying on K \ dooK. Then we follow the 
proof of Lemma l3.1l for finite von Neumann algebras verbatim to deduce Theorem 
13.21 in this case. Here is essential to observe (as we did in Remark 13. 5p that the 
proof of Lemma l3.1l for finite von Neumann algebras does not use at any point the 
restriction I/uq + 1/qo + I/vq ~ 1/ui + 1/qi + 1/vi. Note also that, in order to 
obtain the boundary estimates (|3.6p . Proposition 12.61 is needed. Here is where we 
apply Observation 13 . 18l This proves Theorem 13.21 for finite von Neumann algebras. 

Step 2. The next goal is to show that the corresponding conditional expectations 
are contractive. First we observe that, according to Lemma l3.fl we can extend the 
validity of Corollarv l3 . 131 to any point l/g) G K by complex interpolation. 

Here we use again that Kr = conv(KT-n9oo K) . Then, it is straightforward to see that 
CoroUarv 13.151 also holds in this case. Indeed, first we apply complex interpolation 
to obtain a contraction 

£m, ■■ ^e{M) XeiTZM) ^ Lu,{Afk)Lq„{Mk)Ly,{Afk). 

Second, the contractivity of 

■■ L^ei^k)L,,[Mk)L,,{Nk) ^ L.,SN)L,^{M)L,,{N) 

follows since, as we have seen, Corollarv l3.13l holds for any point (1/w, 1/u, I/9) G K. 

Step 3. We now prove Theorem 13.21 in the case min(go,9i) < 00. It follows 
easily from Step 2. Indeed, recalling again that the restriction I/uq + 1/qo + l/'^^o — 
1 /ui + l/gi + 1/ui is not used in the proof of Lemma l3.1l (once we know the validity 
of CoroUarv 13. ISp . the proof follows verbatim. 

Step 4. Finally, we consider the case min(go,'Zi) = 00. First we observe that the 
first half of the proof of Lemma 13.11 for this case holds for any two ending points 
Pj = (1/uj, 1/?;^, 0) in the square K n {z = 0}. Thus it only remains to check that 
Lue{-N')Loo{-M.)Lyg{M) is dense in Xe(A^). Applying the reiteration theorem as we 
did in the proof of Lemma [3.1[ we may assume that po and pi are in the boundary of 
Kn{z = 0}. We have three possible situations. First we assume that po and pi live 
in the same edge o/Knjz = 0}. Let A be the intersection of the interpolation pair. 
In this case, we have A = Luo{Af)L^{M)Ly„{Af) or A = Lu^{M)L^{M)L^^{J\f) 
since the points of any edge of K fl = 0} are directed by inclusion. In particular, 
we deduce A C Lug{N)Lao{M)Lve{-N') from which the result follows. If po and 
Pi live in consecutive edges 0/ K n {2; = 0}, we have four choices according to the 
common vertex v of the corresponding (consecutive) edges. Following Figure I we 
may have v = 0, E, F, G. When v = E, G we are back to the situation above (one 
endpoint is contained in the other) and there is nothing to prove. When v = 0, we 
may assume w.l.o.g. that 

Lu,W)Loo{M)L,„{^) = L,„{^)L^{M), 
L^A^)Loo{M)L,,{N) = L^{M)Ls,W), 

for some 2 < so,si < 00. Moreover, we may also assume w.l.o.g. that sq < si. 
This allows us to write l/sg = + 1/''' for some index 2 < r < 00. In particular, 
Lso{N)L^{M) = {Ls-,{M)Lr{N))L^{M). Let a: e A so that 

X — ajruQ — niiP 

with a,P e Ls^{M), 7 e L.r{Af) and mQ,mi e M. Taking 
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we may write x — aco ~ cia (so that ci = acoa^^) with 

Co — {a^^aj)'mQ G Lr{M)Lac>iM) and ci — miPa^^ G LooiM). 

On the other hand, 0, 0) and (0, 0, 0) are in the same edge of Kn{z = 0}. Thus 
[Lr{Af)L^{M),Loo{M)]e =- Lr,{N)L^(M) with l/rg = (1 - e)/r. Using this 
interpolation resuh and arguing as in the proof of Lemma l3. II for min(qo, 91) — oo^ 
we easily obtain that a^coa~^ G Lrg{Af)Loo{M)- Thus we deduce 

X = a'-'a'cQa-'a" € {L,j^i^g-){M)Lr,iM))LooiM)L,jgiM). 

Then, since the latter space is Lug{N)Lao{M)Lyg{N), we have seen that A is 
included in this space. This completes the proof for v = 0. When v = F, we may 
assume w.l.o.g. that 

Writing l/2 = l/so + l/ro = l/.si + l/j'i for some 2 < tq, ri < cx) we have 
L,,{U)LUM)L2{M) = Ls,{Af)L^{M)Lr,{Af)Ls,{J^), 
L2{N)Loo{M)LsA^f) = Ls,{N)Lr,{N)L^{M)LsA^f)- 

Thus, using our result for v = we find 

A - L,,{M){L^{M)LrA^)r\Lr,{M)LUM))Ls,m 

C i,„(e)(AA)ioo(M)i.i(e)(AA), 

with \/sa{e) = (1 - 9)1 sq + 9/2 and 1/51(6*) = (1 - 6l)/2 + 6'/si. This completes 
the proof for consecutive edges. Finally, we assume that po and pi live in opposite 
edges 0/ K n {z — 0}. Since the two possible situations are symmetric, we only 
consider the case 

Lu,{M)L^{M)L,,{^) = Ls,W)Loo{M), 
L^,W)L^{M)L,,{^f) = Ls,W)Loo{M)L2{N). 
If So > si we clearly have 

A = Lu„{N)L^{M)L,,{^) c L^,{N)LUM)L,,{N) 
and there is nothing to prove. If sq < si we have I/sq — + 1/r so that 
A - LsA^){Lr{M)LUM)CM^{M)L2[N)) 
C Ls, {N) {Lr/H-e) (AA)ioo iM)L2/g (AA)) 
= Lu,i^)LooiM)L,,iAf). 

This proves the assertion for opposite edges and so the space Lug {N)Lao {M)Lyg {N) 
is always dense in Xe(A4). The proof of Theorem 13.21 is completed. □ 

Remark 3.19. The key points to see that the proof of Lemma 13.11 applies 
whenever we start with any two ending points (1/wj, 1/wj, 1/qj) lying on K are the 
following: 

(a) Luj{M)Lq.{M)Ly.{J\f) is a Banach space. 

(b) Lemma [2 . 5 1 holds on K for finite von Neumann algebras. 

(c) CoroUarv 13.151 also holds with ending points in K \ 9ooK. 
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Thus, it suffices to sec that Lemma [SH] gives (a), (b), (c) by complex interpolation. 
On the other hand, it is worthy to explain with some more details why restriction 
1/uq + 1/qo + 1/fo = + + can be dropped. The only two points 
where this restriction is needed (apart from the case min(go,'7i) = oo which has 
been discussed in Step 4 above) are in the proofs of Lemma 13.81 and Proposition 
13.141 However, Lemma l3^ is only needed to obtain Corollary 13. 131 (which we have 
auto-improved in Step 2 above by using Lemma l3.ip . Moreover, as we also pointed 
out in Step 2, Proposition l3 . 14l now follows from our improvement of Corollarv l3.13l 
Therefore, restriction 1/ito + l/qo + 1/1^0 = l/^*i + l/(?i + l/wi can be ignored. 



CHAPTER 4 



Conditional Lp spaces 



We conclude the first half of this paper by studying the duals of amalgamated 
Lp spaces and the subsequent applications of Theorem 13.21 Let us consider a von 
Neumann algebra M equipped with a n.f. state ip and a von Neumann subalgebra 
A/" of A^. Let E : M J\f denote the corresponding conditional expectation. We 
consider any three indices {u,p,v) such that l/w, belongs to K and we 

define l<s<oobyl/s=l/M+l/p+ I /v. Then, the conditional Lp space 

is defined as the completion of Lp{Ai) with respect to the norm 

\MlI^^^^(m,e) = sup|||aa;/3||L^(A4) | l|a||L„(A/'), II/3|U„(a/') < l}- 

We shall show below that amalgamated and conditional Lp spaces are related 
by duality. According to our main result in Chapter [3l this immediately provides 
interpolation isometrics of the form 

(4.1) [if AM,£),L^' ,(M,E)j ^ L^" AM,£). 

Our aim now is to explore these identities, since they will be useful in the sequel. 

Example 4.1. As in Chapter [51 several noncommutative function spaces arise 
as particular cases of our notion of conditional Lp space. Let us mention four 
particularly relevant examples: 

(a) The noncommutative Lp spaces arise as 

M-^)=^[oo,oo)(-^'E). 

(b) If p> q and 1/r = l/q — 1/p, the spaces Lp{Mi; Lq{J^2)) arise as 

^(2r,2r)(-^l®-^2,E), 

where the conditional expectation E : A/i(8)A/'2 — > A/i is E = 1^^^ ® (pAf2 ■ 

(c) If 2 < p < oo and 1/p + l/q = 1/2, Lemma [TTSl gives 

l;{M,E) = Ll^^^^iM.E), 
l;{M,E) = i^^,,)(>(,E). 

As we shall see below, Lp{A4; Rp) and Lp{M\ Cp) are particular cases. 

(d) In Chapter [7] we will also identity certain asymmetric noncommutative Lp 
spaces as particular cases of conditional Lp spaces. We prefer in this case 
to leave the details for Chapter [T] 
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4.1. Duality 

Note that given 1/q) e K, we usually take — l/w + l/g+l/u. In 

the following it will be more convenient to replace p by p', the index conjugate to 
p. Let us consider the following restriction of (|2.1[) 



(4.2) 1 < q< ix) and 2 < u,v < ix) and 0<- + i + - = ^<l. 

u (J t; p 

Theorem 4.2. Let E : ^ A/" denote the conditional expectation of M. onto 
J\f and let 1 < p < oo given by 1/q' = l/u+l/p+ l/v, where the indices {u,q,v) 
satisfy l \4-S^ and q' is conjugate to q. Then, the following isometric isomorphisms 
hold via the anti-linear duality bracket {x,y) = tv[x*y) 

{L4JV)L,iM)L4N-)y ^Ll^^^{M,E), 

{Ll^^^iM, E))* = i„(AA)i,(X)L„(AA). 
Proof. Let us consider the map 

K-^^ L\u,v)^M, E) ^ir{x*-)e {Lu{Af)Lg{M)L,{U))* . 
We first show that Ap is an isometry 

ll^p(^)||(u-g-«)- = sup||tr(x*y)| I ^mf^||a||L^^(A/-)||z||L^(^)||/3||L^,(A/-) < l| 



sup 
sup 
sup 



||tr(/3a;*az)| I ||a||L„(A/-), ||z||l,(A4), II/3||l„(a/-) < l} 
|||/3a;*a||^^^(_^^ I ll"IU,,(A^) < 1 JI/3|U.(A/-) < l} 
{lh*^^*IL,,(>() I W^WlA^T) ^ 1>II/3|U.(A/-) < l} 



It remains to see that Ap is surjective. To that aim we use again the solid K 
in Figure I. Note that, since the case u = w = oo is clear, we may assume that 
min(M, u) < oo. In that case any point (l/u, l/v, l/q) with {u,q,v) satisfying (|4.2p 
lies in the interior of a segment S contained in K and satisfying 

(a) One end point of S lies in the open interval (0, A). 

(b) The segment S belongs to a plane parallel to ACDF. 

According to Theorem I3.2[ this means that 



(4.3) Lu{Af)Lg{M)L,{Af) = \Lp,{M),Lu,{U)LgAM)L,A^) 

for some < ^? < 1 and some (1/mi, l/^i) G K. Recalling that \ < p < oo, we 
know that Lpi{M.) is reflexive. In particular, the same holds for the interpolation 
space in (|4.3p and we obtain the following isometric isomorphism 

{Lu{U)L,{M)L,{U)y - [Lp{M),{L^A^)L,,{M)L,,my 

Moreover, since < 6* < 1, wc know that the intersection 



4.2. CONDITIONAL SPACES 69 

is norm dense in the space (^Lu{M)Lq{Ai)Ly{J\f))* . On the other hand, recalhng 
that + l/qi + l/vi = 1/p' , we know from the definition of amalgamated spaces 
that 

Lp,{M) = L.p,{M) + LuA^)Lq,[M)KM)- 
Hence, Lp{M) = Lp{M) n {Lui{M)Lq^{M)L^^{N)y is norm dense in 

Therefore, Ap has dense range since 

For the second part, we use from (|4.3p that Lu{M)Lq{Ai)Li,{M) is reflexive. □ 



Remark 4.3. The first part of the proof of Theorem 14.21 holds for any point 
(1/it, 1/w, l/g) in the solid K. In particular, we always have an isometric embedding 

Remark 4.4. Note that the indices excluded in Theorem l4.2l bv the restriction 
imposed by property ()4.2p are the natural ones. For instance, the last restriction 
0<l/u+l/(7 + l/w<l only affects conditional/amalgamated Li and Loo spaces, 
which are not expected to be reflexive. Moreover, the spaces Lu{M)Lao{M)Ly{M) 
are not reflexive in general. Indeed, let us consider the particular case in which M 
is the complex field. These spaces collapse into Loo{M) which is not reflexive. 

4.2. Conditional L^o spaces 

Among the non-reflexive conditional spaces, we concentrate on some properties 
of conditional Loo spaces that will be needed in the second half of this paper. Note 
that, given indices (m, g, v) satisfying (|2.ip with \/u + l/ q+l/v ~ I, we have defined 
the space 

as the completion of Loq{M) with respect to the norm 

l|a;||L~_^j(Ai.E) = sup |||ax/3||i_^,(^) | ||a||i^(A/-), |1/3|1l„(a/-) < l}- 
According to Remark 14.31 we know that this space embeds isometrically in 
£^,„)(X,E) = {L^{N)Lq{M)L,{N)y . 

Proposition 4.5. The following properties hold: 

i) £^ E) is contractively included in Lqi{M). 

ii) Loo{M) fl'^c^ E) are weak* dense subspaces of ^j~^{M,E). 

Proof. Let us consider the map 

j:ip€ C^^^^^iM, E) ^ ^.(D^ . D^) e W{M). 
By Proposition [221 the map j is clearly injective. On the other hand, 

= sup{|v^(D^yD^)| I \\y\\q<l} 

< sup{|^(D^a2//3D^)|| ||D^a||^^(^^, ||/3D^ ||^^(^^ < l} 
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- ll'/'ll£~_„,(A1,E)- 

The last identity follows from Proposition l2.6l This shows that j is a contraction. 
For the second part, it suffices to see that Loo{M) is weak* dense. However, it is 
clear from the definition of amalgamated spaces that the inclusion map 

Lu{M)Lq{M)L,{M) Li{M) 

is injective. In particular, taking adjoints we get the announced weak* density. □ 

4.3. Interpolation results and applications 

In this last section we consider some interesting particular cases of the dual 
version (|4.ip of Theorem 13. 21 One of the applications we shall consider generalizes 
Pisier's interpolation result |39| and Xu's recent extension 



Theorem 4.6. Let M be a von Neumann subalgebra of M and let E : A4 J\f 
be the corresponding conditional expectation. Assume that {uj,qj,Vj) satisfy ^4-^ 
for j = 0, 1 and that 1/uj + l/qj + l/fj = - Then, if Pj denotes the conjugate 
index to pj , the following isometric isomorphism holds 

Moreover, if 2 < Uj, Vj < oo for j — 0,1, we also have 

>c^o,.o)(-^' E), E)] ' = E). 



Proof. The first part follows automatically from Theorem 13.21 and Theorem 
14.21 The second part follows from Theorem 13.21 and the duality properties which 
link the complex interpolation brackets [ , ]g and [ , see e.g. [Ij. □ 



Now we study some consequences of Theorem 14.61 We shall content ourselves 
by exploring only the case pa — pi- This restriction is motivated by the applications 
we are using in the successive chapters. The last part of the following result requires 
to introduce some notation. As usual, we shall write Rp (resp. Cp ) to denote the 
interpolation space [i?n,C'n]i/p (resp. [C„, i?„]i/p), where Rn and C„ denote the 
n-dimensional row and column Hilbert spaces. Alternatively, we may define Rp 
and Cp as the first row and column subspaces of the Schatten class Sp. On the 
other hand, given an element xq in a von Neumann algebra M, we shall consider 
the mappings L^g and Rx„ on M defined respectively as follows 

Lxoix) = xqx and Rxoix) = xxq. 

Corollary 4.7. LetJ\f be a von Neumann subalgebra of M. and let E : A4 ^ J\f 
be the corresponding conditional expectation of M. onto J\f. Then, we have the 
following isometric isomorphisms: 

i) If 2 < p < oo and 2 < q < oo are such that 1/2 — 1/p + 1/q, we have 
[Lp{M),L;{M,E)]^ = Ll^^^{M,E), l _ 0_ 

[Lp{M),L;{M,E)]o - q^^,^{M,E), "'"^ s q 
In the case p = oo, we obtain 

[L^^iM),LUM,E)]^ = L-/,_^)(X,E), 
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ii) If "2 < p < oo and 2 < q < oo are such that 1/2 = 1/p + 1/q, we have 
with 

{l/uMv) = {e/q,{l^e)/q). 

iii) Let us define for 2 < p < oo 

^g{M) = [Lp(X;C;),Lp(X;i?^)]^. 

Then, if 1/w ^ l/p ^ 1/v with 1/v = (1 — 6) /q, we deduce 



k=l 



Xk (8) Sk 



k=l 



Proof. The assertions in the first part of i) and ii) follow from Theorem 14.61 
after the obvious identifications, see Example 14.11 For the last part of i) we only 
prove the first identity since the second one follows in the same way. According to 
Remark 1431 ^Ici-^^ E) is the closure of Loo{M) in C^^^iM, E). Then, applying 
a well-known property of the complex method (see e.g. [U Theorem 4.2.2]) we find 

[L^iM).L:^iM.E)]^^[L^{M),Cr2,oo)iM.E)]^ for < < 1. 

By Berg's theorem, we have an isometric inclusion 

[L^{M),C^2,co)iM, E)], c [L^iM),C^2,c.)iM, E)]'. 

Therefore given x e Loo(A^), Theorem 14.61 gives 

\\x\\[L^{M).L-^{M.E)]e = \\x\\[L^(M),C^^^y{M,E)]e 
= ll^ll [Loo(M)X^ .^jlM.E)]" 
= (M El- 

The assertion then follows by a simple density argument 

[L^XM),LUM, E)], = L^2/e,oo)iM, E). 

Finally, for part iii) we consider the direct sum A4(^n = -M 
n terms and equipped with the n.f. state ipnixi,X2, ■ ■ ■ ,Xn 
natural conditional expectation is given by 



7W 



M with 



iT.k'fiixk)- The 



En : xfe (g) 4 e M(sn - y^Xk e M. 

k=l k=l 



It is clear that we have the isometrics 

Lp{M;R;) - V^L^(A^en,E„), 

Lp(A^;C;) = V^L;{M^n,En). 

According to ii) and the definition of the norm in L^^ ^n), we have 

I 2 

n 2 ^ 

aXkP Sk 



E 

fe=i 



Xk®5k\ 



sup < n 



II"IIl„(A4), II/3||l„(A4) < 1 
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supi ||^L,,i?,.(/3/3*) 



k=l 



{M) 



I/3||l„ 



(M) 



< 1 



fe=l 



7>0, hll 



2(M) 



< 1 



i(./2)'(A1) 

Recalling that L^^Rxi is positive and that (w/2)' = i«/2, we conclude. □ 
Observation 4.8. Arguing as in Corollarv l4.7| we easily obtain 

These results shall be frequently used in the successive chapters. Moreover, let us 
also mention that CoroUarv 14.71 i) is needed in |18| to study the noncommutative 
John-Nircnbcrg theorem. 

At the time of this writing we do not know whether Corollarv l4.7l ii) extends to 
p = oo in full generality. We will now show that the equality holds when restricted 
to elements in AA. This result will play a very important role in the sequel. 

Lemma 4.9. If 1 < p,q < oo and z E Ai, we have 

inf{||x|U^^_^^(^,E)||2/||L- ,^,(A4,E)| z^xy, x,yEM}< ^^^^(^.e)- 



Proof. On A4 wc define the norm 

Mh ^ ^IMl^^ ,M.E)\\y\\L 



(oo,2q) 



(7W,E) 



where the infimum is taken over x,y E Looi-M). It is easy to check that we do not 
need to consider sums here. Let us assume that \\z\\fi — 1. By the Hahn-Banach 
theorem there exists a linear functional cj) : M ^ C such that ~ 1 and 



(4.4) \J2^,Hxkyk: 



< sup 

||a||2p<l 



axkXf^a 



1/2 II „ 

^'-iP 1^1 b*ylykb 

P ||6||25<l" " 



1/2 
9 



Note that H^lj^ < H^^ljoo and thus (j) is continuous. It follows immediately that we 
may move the absolute values in (|4.4p inside. Thus, we get 



\(l^i^kyk)\ < sup tr{^ 



axkx1a*c 



1/2 



sup tr( V b*ylykhd 

b,d 



1/2 



Here we take the supremum over (a, c, 5, d) in 

all equipped with the weak* topology. Using the standard Grothendieck-Pietsch 
separation argument as in Theorem 13.161 we obtain two probability measures fj,i 
and fj,2 such that 



|0(2;y)| — ( / iT^{o,xx*a*c) d^i{a,c)j ^ / ti{b*y*ybd) d^2{b,d) 



1/2 



Since L2p{N)Lp: {M)L2p{N) and L2q{N)Lqi{M)L2q{N) are Banach spaces, 
a*cad^i{a,c) and P= bdb* dii2{b,d) 
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are positive elements respectively in the unit balls of 

L2-p{M)Lp,{M)L2-p{M) and L2ci{M)Lq,{M)L2q{M). 

Therefore we find ai,a2 G ^L2p(M) ^-nd ci,C2 G ^L^^iiM) such that a — aiCiC2a2- 
We deduce from the Cauchy-Schwartz inequality and the arithmetic-geometric 
mean inequality that 

tr[xx*a) = |tr(xx*aiCiC2a2) I 
|tr(c2a2xa:*aiCi) I 

< tr(c2a2a;a;*a2C2) ^^^tr(cjajxa:*aici) ^^"^ 

f ^aiciclal+ a*2C*2C2a2\ 

< tr[xx ^ j. 

We could consider a = {a\ai + 0202)^/^ to deduce that 

_i aicic*a* + a2C2C2a2 _i 

a a 

2 

is a positive element in Lpi{A4) of norm < 1. This is not enough for our purposes. 
However, following the proof of the triangle inequality in Lemma l2.51 we may apply 
Devinatz's theorem one more time to find an operator a G (1 + £)Bl2p{J^) with full 
support and c G 6^^,(7^!) such that 

aicic{al + alclc2a2 ^ 

= a ca. 

2 

We leave the details to the interested reader. This implies that c is positive and 

tr(a;a::*Q;) < tr{xx*a*ca) = ||c"'"^^aa;||2. 
The same argument for (3 gives 5 G (1 + 6)6^2^ and d G ^-^^ such that 

tr{y*y(3) < tr{y*ybdb*) = Wybd^/Yi- 

This yields 

\H^y)\ < \\c'/'ax\\2\\ybd^/%. 
From this it is easy to find a contraction u €z Ai such that 

<t){xy) = tT{uc^ axybd^). 
If 1/r = l/2p + l/2q, we deduce from Holder's inequality that 

\\z\\h = \(l>iz)\ = \tr{uc^azbd^)\ < \\azb\\L^(^M) < (1 + £)^I|z||l-^_2_^j(ai,e)- 
Finally, recalling that e > is arbitrary, the assertion follows by taking e 0. □ 
Corollary 4.10. Assume that 1 < po,pi, Qq, qi < 00 satisfy 

max(po,Pi),max((7o,gi) > 1 and min(po,Pi), niin((?o, gi) < 00. 
Then, given x € M we have 

In particular, for 6 — l/q we obtain 

\\x\\[L-^(M,E),L';^{M.E)]o = snp ^\\axb\\ l^jm) I \\a\\L2,(Af), \\b\\L2^,{^J') ^ l}- 
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Proof. The upper estimate is an easy application of trilinear interpolation. 
For the converse we apply Lemma 14.91 so that for any e > we can always find a 
factorization x — xiX2 satisfying 

According to Corollary 14.71 i) we know that 

Taking 6q = 1/po and Oi = 1/pi, the reiteration theorem implies that 

[LUM),LUM,E)]^^^^ = [[LUM),LUM,E)]o,dLoo{M),LUM,E)W]^. 
In particular, 

Therefore, we get 

Similarly, we have 

ll^2|l[L~ _,^^,(A1,E).L- ^^^,(X,E)], = ||a;2||L~ _,^^,(A^,E). 

On the other hand the inequality 

ll^y|I^^P,2,)(^.E) < ||a;|U-^_j(A1,E)||2;|U- _,^)(A^.E) 

holds for all 1 < p, g < oo. Thus, by bilinear interpolation we deduce 

ll^ll[^^PO,2,o)(-^^E)-^^P1.2,l)(^'E)]. 

- Il^lll[^^po,oo)(-^'E),L~ ^_^,(A1,E)]J|a;2||[L- ^^^,(A1,E),L~ _,^^,(A1.E^^ 

Combining the previous estimates and taking e ^ wc obtain the assertion. □ 

Remark 4.11. If is dense in the intersection Ll^{M, E) n L^(A^, E), then 
CoroUarv 14.71 ii) extends to p = oo. This holds for instance when the inclusion 
Af C Ai has finite index or when Ai — A®N with A finite-dimensional. However, 
at the time of this writing it is not clear whether the density assumption is satisfied 
for general conditional expectations. On the other hand, we note that the validity 
of Corollarv l4.7l ii) for p = oo can be understood as a conditional version of Pisier's 
interpolation result [39 . Indeed, taking 9 = 1/q we easily find that 

l|a;||[Lg„(A4,E),L'^(Al,E)], = sup|||a;*aa::||L^(^) I ||a||L^(A/') < l| 

= sup^^\\xbx*\\L^,(^M) I II^IIl,,(^) < l}- 

Furthermore, according to Theorem 14. 6( this also applies for 2 < p < oo (we 
leave the details to the reader). In particular, we also find a conditional version of 
Xu's interpolation result I62j. Moreover, when 1 < p < 2 this result follows from 
Theorem 13.21 instead of Theorem 14.61 



CHAPTER 5 



Intersections of Lp spaces 

The rest of this paper is devoted to study intersections of certain generaUzed 
Lp spaces. Our main goal is to prove a noncommutative version of (Spg), see the 
Introduction. In this chapter we begin by proving certain interpolation results 
for intersections. As usual we consider a von Neumann subalgebra Af oi M with 
corresponding conditional expectation E : M M. Then given a positive integer 
n, I < q < p < cx) and 1/r = 1/q — 1/p, wc define the following intersection spaces 

Our main result in this chapter shows that the two families of intersection spaces 
considered above are interpolation scales in the index q. That is, the intersections 
commute with the complex interpolation functor. Indeed, we obtain the following 
isomorphisms with relevant constants independent on n 

[7^^p,l(>^,E),7^'2Vp(^^,E)], ^ ni^pjM,E), 

and with 1/q = I — + 6/p. Moreover, we shall also prove that 

(5.2) [7^^V,l(X,E),C^'p,l(M,E)]^ c fl n^ + ^ + ^L2^_„)(M,E). 

ti,DG{2p',oo} 

5.1. Free Rosenthal inequalities 

Our aim in this section is to present the free analogue given in |20) of Rosenthal 
inequalities |50j . where mean-zero independent random variables are replaced by 
free random variables. This will be one of the key tools needed for the proof of 
the isomorphisms (|5.ip and (|5.2p . For the sake of completeness we first recall the 
construction of reduced amalgamated free products. 

5.1.1. Amalgamated free products. The basics of free products without 
amalgamation can be found in [60j . Let ^ be a von Neumann algebra equipped 
with a n.f. state cj) and let Af he a, von Neumann subalgebra of A. Let E^ : A—^ M 
be the corresponding conditional expectation onto J\f. A family Ai , A2 , . . . , A„ of 
von Neumann subalgebras of A, having A/" as a common subalgebra, is called freely 
independent over Ejv' if 

E^f{ala2 ■ ■ ■ a,„) = 

whenever E^{ak) = for all 1 < ^ < and Ofc S A^,, with ji ^ ji ^ ■ ■ ■ jm- As in 
the scalar- valued case, operator- valued freeness admits a Fock space representation. 
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We first assume that Ai, A2, . . . , A„ are C*-algebras having A/" as a common 
C*-subalgebra and that Efe — are faithful conditional expectations. Let us 

consider the mean-zero subspaces 



Afc = |afc e Afe I Efe(afc) = o|. 



Following [3 158j , we consider the Hilbert A/"- module Aji ® Aj^ (8) • • ■ Aj,„ (where the 
tensor products are amalgamated over the von Neumann subalgebra Af) equipped 
with the A/'-valued inner product 

(ai (g) • • • (g) a„,fei (g) • • • (g) 6m) = ^j„,{a*n ■ ■ ■ £^3(02 Ej^ (0161)62) • • •6,„). 

Then, the usual Fock space is replaced by the Hilbert A/'-module 

7i;A/'=7Ve0 Aji (gAj2 Aj™- 

The direct sums above are assumed to be A/'-orthogonal. Let C{Hj\f) stand for the 
algebra of adjointable maps on H^f. A linear right AZ-module map T : HAf 'Hj\f 
is called adjointable whenever there exists S ; Ti./^ 'Hj\f such that 

{x, Ty) — (Sx, y) for all x,y E Hj^f. 

Let us recall how elements in A^ act on Hj^f. We decompose any ak G A^ as 

afc = flfc + Efc(aA;). 

Any element in Af acts on Ti.^ by left multiplication. Therefore, it suffices to define 
the action of mean-zero elements. The *-homomorphism tt/; : A^ — > C{Ti.j^) is then 
defined as follows 



flfe (g 6ji g) • • • (g bj^ , if k ^ ji 



7rfe(afc)(6ji g) • • • g) 6j^) 



Efc(afc6jJ 6j2 g) • • • g) 6j^ ® 

(afc6ji - Efe(afc6jJ) g) 6^2 g) • • • g) bj^, if fc = ji. 

This definition also applies for the empty word. Now, since the algebra C{'Hj\f) 
is a C*-algebra (c./. [28] ). we can define the reduced J\f -amalgamated free product 
G*{*j\fAk) as the C*-closure of linear combinations of operators of the form 

7^^1(01 )7rj2 (02) ■ • •7rj„(a™). 

Now we consider the case in which M and Ai, A2, . . . , A„ are von Neumann 
algebras. Let (p : JV ^ C he a, n.f. state on JV. This provides us with the induced 
states yjfc : Afe ^ C given by (^fe = o Efe . The Hilbert space 

00 o 

L2 (Aji g) Aj2 g) ■ ■ • g) Aj„, , (p) 

00 o 

is obtained from Aji g) Aj2 g" ■ ■ • g" Aj„, by considering the inner product 

(oi g) • • • g) am, 61 g) • • • g) 6,„)^ = ^(^{ai g) ■ ■ ■ g) am,6i g) • • • g) 6™)^ . 
Then we define the orthogonal direct sum 

= L2(A/') © L2 (Aji g) Aj2 g) • • • g) Aj„ , if) ■ 
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Let us consider the ^-representation A : C{Hj\j') B{H,^) defined by A(T)a; = Tx. 
The faithfulness of A is impUed by the fact that (p is also faithful. Let Ai{Hj\f) 
be the von Neumann algebra generated in B{'Htp) by C{'Hj\f). Then, we define the 
reduced J\f -amalgamated free product ^A/'Afc as the weak* closure of C*(*jv'Afe) in 
M^iT^u)- After decomposing 

flfe = flfc + Efe(afe) 
and identifying Afc with \ynk{kk)) i we can think of *j\fAk as 

*A^Afe (aA ffi °Aj, A,, • • • ) " . 

Let us consider the orthogonal projections 

Q^-.n^ ^ L2iM), 

o o o 

Qjl - -jra -T^V ^2 ( Aji «) Aj2 «> • ■ ■ «) Aj„ , ■ 

If we also consider the projection Qa^ = + Q/c, the following mappings 

£ : 2: e *A/'Afc ^ Q^^xQ^^ e A^, 

are faithful conditional expectations. Then, it turns out that Ai, A2, . . . , A^ are 
von Neumann subalgebras of *7v/Afe freely independent over Eaa- Reciprocally, if 
Ai, A2, . . . , A„ is a collection of von Neumann subalgebras of A freely independent 
over Ejv : N and generating A, then A is isomorphic to *j\fAk ■ 

Remark 5.1. Let Afi and Af2 be von Neumann algebras and assume that Af2 
is equipped with a n.f. state ip2- A relevant example of the construction outlined 
above is the following. Let A — Afi ^ N2 and let us consider the conditional 
expectation Ej^^ : A Afi defined by 

EA/-i(a;i (g) X2) = xi (g) ip2ix2)l- 

Assume that Ai, A2, . . . , A„ are freely independent subalgebras of A/'2 over (p2- Then, 
it is well-known that A/i Ai, A/i (g A2, . . . , A/i (g A„ is a family of freely independent 
subalgebras of A over Emi, see e.g. Section 7 of |15j . In particular, if Ai, A2, . . . , A„ 
generate A/'2, we obtain 

(5.3) ^ = 7Vi ® (^?^Afc) = *AAi(7Vi Afc). 

5.1.2. A Rosenthal/ Voiculescu type inequality. In this paragraph we 
recall the free analogue 20 of Rosenthal inequalities [50j for mean-zero random 
variables and prove a simple consequence of it. Let Ai , A2 , . . . , A„ be a family of von 
Neumann algebras having A/" as a common von Neumann subalgebra and let *j\f/Kk 
be the corresponding amalgamated free product. Given a family oi, 02, . . . , a„ in 
*N'l^k we consider the row and column conditional square functions 

" 1/2 
Slondia) = (y^^J^iakal)^ , 

k=l 
k=\ 
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Theorem 5.2. If 2 <p < oo and ai,a2, . . . ,a„ e Lp{*j^ku) with G Lp{Ak) 
for 1 < k < n, the following equivalence of norms holds with relevant constants 
independent of p or n 

i/p 



fc=i 



flfc 



(Ell«fcllp) +ll'5c''ond(fl)||p+||5eVd(«)| 
fc=l 



This is the operator- valued/free analogue of Rosenthal's original result. On the 
other hand, a noncommutative analogue was obtained in [24 for general algebras 
(non necessarily free products), see also I61j for the notion of noncommutative 
independence (called order independence) employed in it. Recalling that freeness 
implies order independence, Theorem l5 . 2l follows from |24j for 2 < p < oo. However, 
the constants there are not uniformly bounded as p oo, in sharp contrast with 
the situation in Theorem l5.2l This is another example of an Lp inequality involving 
independent random variables which only holds in the limit case as p ^ oo when 
considering their free analogue. This constitutes a significant difference in this 
paper. Theorem 15.21 for p = oo was proved in [15] and constitutes the operator 
valued extension of Voiculescu's inequality [59j. Finally, we refer the reader to |20| 
for a generalization of Theorem 15.21 where ai, a2, . . . , a„ are replaced by certain 
words of a fixed degree d > 1 . 

The following result is an standard application for positive random variables. 

Corollary 5.3. If 2 < p < oo and ai, . . . , a„ £ Lp{*_\fAk) with Ok G Lp{Ak) 
for 1 < k < n, the following equivalence of norms holds with relevant constants 
independent of p or n 

, i/p 



fc=i 



,1/2 



.1/2 



fc=l 

Proof. We we clearly have 

n 

(Ell"*!!? 



(El 

n 

(El 

k=l 



ak\ 



a-k] 



1/p 



Qd(a)||p- 



i/p 



< 



fe=l k=l 

Indeed, our claim follows by complex interpolation from the trivial case p = oo and 
the case p — 2, where the equality clearly holds. This, together with the fact that 
is a contraction on Lp/2{*j\fl^k), proves the lower estimate with constant 2. For 
the upper estimate, we begin with the triangle inequality in Lp{*^fAk; Rp) 



k=l 



< 



eife 



' eik 



= A + B. 



To estimate A, we apply Kadison's inequality (see Lemma ll.4l i)) 



1/2 

A= II EA/-(afc)EA/-(afc)*) < || ^ EA/-(afca 

J 1 P J 1 



1/2 



cond 



(«)| 



_____ o 

On the other hand, according to (|5.3p we can regard ak (S* ei^ as an element of 
5;(ip(*AAAfc)) - Lp( *5„ 5S,(Afc)), 
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where is replaced by 1m„ ^j\f- Then, writing Xk for af^ (g) eik and for 
1m„ ® ^^f, we estimate B using the free Rosenthal inequalities in this bigger space. 
Indeed, using ||a;fe||p = ||afc||p we obtain 



B 



i/p 



1/2 



Let us note that 



k=l 



^(^^'E^/{xlxk] 



1/2 



fc=i 



^'Ej^{xkxl) = ^Cii E7v-(afcafc) < ^ (g) EA/'(afe4) , 

/c=l fe=l k=l 
n 

^^^{xlxk 

k=l k=l k=l 

This implies 

• " xl/2 11/ " \l/2 

' fc=l fc=l 

On the other hand, the third term is controlled by 



n 

|(Eea.C 



Xf.Xk 



fc=l 



1/2 



< 



1/2 
p/2 



\\^'E'Af{xlXk) 
k=l 
n 

II ^Skk E^f{a*kak) 
fe=i 

Tl 

(E 11^-^^°'= 



p/2 
p/2 



1/2 
p/2 
1/p 



< 
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(SI 



1/p 



fc=l fc=l 
Combining the inequalities above we have the upper estimate with constant 2. □ 

5.2. Estimates for BMO type norms 

Apart from the free Rosenthal inequalities, our second key tool in the proof of 
(|5.ip and (|5.2[) will be certain estimates that we develop in this section. Let us recall 
the definition of several noncommutative Hardy spaces. Xu's survey 61] contains a 
systematic exposition of these notions. Let Al be a von Neumann algebra equipped 
with a n.f. state (p. Let A^i, A^2, • • ■ be an increasing filtration of von Neumann 
subalgebras of M which are invariant under the modular automorphism group 
on M associated to tp. This allows us to consider the corresponding conditional 
expectations £„ : ^ and noncommutative Lp martingales x — {xn)n>i 
with martingale differences dxi, dx2, ■ ■ ■ adapted to this filtration. The row and 
column Hardy spaces 'Hp{Ai) and 'Hp{A4) are defined respectively as the closure of 
the space of finite Lp martingales with respect to the following norms 



\x\\n;{M) 



^ dxkdxl] 



\A\hi(m) = \{^i^d.xldxk 



On the other hand, the space 7i*J(A4) measures the p- variation 

MniiM) = {Y.k\\dxk\\i)'". 
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Finally, the conditional row and column Hardy spaces for martingales hp(M) and 
hp{M) are defined as the closure of the space of finite Lp martingales with respect 
to the following norms 

^ 1 1 — ft-' p 

A further tool are maximal functions. The notion of maximal function was 
introduced in [14j via the spaces Lp{A4;£oo)- Here we are using variations of these 
from Musat's paper [32j . Given 2 < p < oo we define the spaces LpiAi; £oo) and 
Lp{M;£oo) as the closure of the space of bounded sequences in Lp{M) with respect 
to the following norms 



\{xn)\\L-{M;e^) = ||supa;„< 



n>l 



IMh-jM^e^) = ||sup<a;„ 



n>l 



1 1/2 
lp/2' 

1 1/2 



This definition requires some explanation. Indeed, in the noncommutative setting 
there is no obvious analogue for the pointwise supremum of a family of positive 
operators. Therefore, the above is to be understood in the sense of the sugges- 
tive notation introduced in [14] . Among several characterizations of the norm in 
Lp(M; £oo) of a sequence (zn)n>i of positive operators, we outline the following 
obtained by duality 



(5.4) II sup 2„|| = sup j tr(z„w„) | w„ > 0, 

" „>1 "P II 



p' J 



The reader is also referred to 123] for a rather complete exposition. One of the 
fundamental properties obtained in |32| of the spaces Up{M.;ioo) and Up{M.\lao) 
is that they form interpolation families. Indeed, given 2 < poiPi ^ oo, we have the 
following isometric isomorphisms for = (1 — 0)/pa + 0/pi 

[Ll„{M;ioo).Ll^{M-,lo.)\, = Ll^{M-Aoo), 
[Ll^{M;too),Ll^[M-,ioo)\, = Ll^{M;loo). 

5.2.1. One-sided estimates. We will simplify our arguments considerably 
by assuming that M is finite and the density D associated to the state satisfies 
ciIm < D < C2^M- The general case will follow one more time from Haagerup's 
approximation theorem. 

Lemma 5.4. Let l<p<2<q<oobe such that 1/p — 1/2 + 1/q. Given 
< 9 < 1, let X be a norm one element in [H^{M),Hp{M)]e and let us consider 
the indices l<u<2<v<oo defined as follows 

l/u^l/p-e/q and l/v = e/q. 

Then we may find a positive element a G Ly/2i-^) and bk G Lu{A4k) such that 

dxk=£k{a)^bk and max | ||a||^/2, f ll^fcllu) | < V2- 

k>l 

If X belongs to [HP{A4),Ti.p{A4)]e , the same conclusion holds with dxk — b'^£k{a)^ . 
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Proof. The last assertion follows from the first part of the statement by taking 
adjoints. To prove the first assertion, we may assume by approximation that x is a 
finite martingale in Lp{M.rn) for some m > 1. Therefore, since x is of norm 1 there 
exists an analytic function / : iS — > Lp{A4m) of the form 



k=l 



which satisfies f{9) — x and the estimate 



max < sup 



7n 



sup \\{'^dk{z)dk{z)* 

zedi 



k=l 



< 1. 



Note that we are assuming that the d^'s are also analytic where ^2(2), . . . 

denote the martingale diiTerences of f{z). Now we consider the following functions 
on the strip for 1 < k < m 



9k{z) 



1, if z e do, 

( ELi {z)dj (z)* + ^Di ) ? , if z e ai. 



According to our original assumption on the finiteness of M. and the invertibility 
of D, we are in position to apply Devinatz's theorem. Indeed, here we need Xu's 
modification, which can be found in Section 8 of Pisier and Xu's survey [45j . This 
provides us with analytic function hk with analytic inverse and such that 



(5.6) hk{z)hu{zy 
Step 1. We claim that 



c(z) for all z E dS. 



(5.7) 



^4 ® hk{0) 

k=l 



< (i + sr 



where S appears in the definition of gk- Indeed, according to the interpolation 
isometrics ()5.5|) and the three lines lemma, it suffices to see that the following 
estimates hold 



(5.8) 



(5.9) 



sup 

z£do 



fc=l 



Sk <8) hkiz) 



sup 4 (Xi hk{z) 



k=l 



< 1, 



< 



To prove (|5.8p we first recall from (|5.6p and the definition of gk that hk{z) is a 
unitary for any z E do and any 1 < k < m. Therefore, since Fubini's theorem gives 
{£oo{M)), we conclude 



sup 

z£do 



k=l 



Sk hk{z) 



sup sup ||/H;(z)| 

z(zdo l<fc<m 



1. 



On the other hand, if z E di we have the following estimate from (j5.6p 



k=l 



sup (y^ dj{z)dj{z)* + 6Bi 

- - j = l 



vli 



q/2 
q/2 
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< \\[J2d,{z)d,{zr + 6B^ 



p/2 



q/2 
q/2 



= dJz)dJz)* + 6Dt " <1 + S^, 

\\f^^ ' ' p/2 - 

where the last inequaHty follows from the fact that Lp/2{M) is a p/2-nornied space 
and also from the right boundary estimate for the function / given above. Thus, 
inequality (|5.9p follows and the proof of (|5.7[) is completed. 

Step 2. Let us consider the functions Wk{z) = hk{z)^^dk{z). Now we claim that 
(5.10) (Ell-'^(^)ll^:) <V^{l + S^f'. 

k=l 

According to (|5.6p . we can write /ifc (2;) — gk(z)^Uk{z) for some unitary ^^(z). Thus, 
we deduce that for z S 9o we have Wkiz) = Uk{z)*dk{z). This and the left boundary 
estimate for / yield 

sup (Y,\\w,{z)\\;) '<!. 



k=l 



The interesting argument, based on the classical Fefferman-Stein duality theorem, 
appears for z e di. In that case we have hk{z)^^ — Uk{z)* gk{z)^^ and we find the 
following estimate for any z d di 



fe=i 



'YtTyi,k{z) ^dk{z)dk{z)*hk{z) 
fe=i 

ni 

y^^trlukjz)* gkjzy'^ dk{z)dk{z)* gkjzy'^ Ukjz) 
fc=i 

m 

E tr (gk{zy'^dk{z)dk{zygk{zy'^ 



fc=l 

Now we define the positive operators 

. k~l 

oik 

j=i 

k 

(3k - (Edj(z)dj(z)*+,SD^ 

and the indices (s,t) = (2/(7, 2/p). Lemma 7.2 in [22j gives 

- oiDPl^'^) < 2tr(/3fe - ak). 
According to our choice of (s, t), we may rewrite this inequality as follows 

tr(^gkizy^ dk{z)dk{zy gkizy^'^j < 2tr(/3fc - Pk-i)- 
Summing up, we deduce that 



J2\\wkiz)\\l <2\\j2d,{z)d,{zr + 5Bi 
k=i j=i 



p/2 
p/2 



< 



2(l + <5«). 



5.2. ESTIMATES FOR BMO TYPE NORMS 



83 



Finally, recalling that the functions Wk ' S Lp{Ai) are analytic since are products 
of analytic functions, inequality ()5.10|) follows from the estimates given above and 
the three lines lemma. 

Step 3. For the moment, we have seen that 

dxk = hk{9)wk{9). 

Now, recalling that 

gk '■ dS ig/2(-^fe) for each 1 < fc < m, 

we conclude that h{9) — {hi(9), h2{9), . . . , hm{9)) is an adapted sequence. That is, 
we have hk G L^(A^fc) for all 1 < fc < to. On the other hand, according to the 
definition of the space L5^(A^; £oo), we may find for any (5 > a positive operator a 
such that hk{9)hk{9)* < a for 1 < fc < to and 

(5.11) \\a\\l/l<{l + 6)\\Y,Sk<E>hk{9) <(l + 55)'+'. 

Moreover, since h{9) is adapted, we have hk{9)hk{9)* — £k{hk{9)hk{9)*) < £k{a)- 
This gives a contraction 7^ e A^fe with hk{9) — Ekio^'^lk- In particular, we deduce 

(5.12) dxk = £k{a)^lkWk{0) = £kia)hk- 
Finally, since jk is a contraction 

(5.13) (Eii^^-ii«) <(Eii-^(^)ii^:)^^^'(i+^^)'''- 

k=l k=l 

Therefore, the assertion follows from (|5?TT|) . (|5?T^ and by letting (5 -> 0+. □ 

Applying the anti-linear duality bracket {x,y) — tr(x*y), we consider in the 
following result an immediate application of Lemma l5.4l for the following dual spaces 

z;{M,9) = [-HP{M),n;{M)];, 

Lemma 5.5. Ifp,q,u,v are as above and l/u+ l/s = 1, we have 
\\x\\z-{M,e) < 2 sup ( V ||£fe(a)^da;fc|r) ^ , 

a>0 

\\x\\z-(M,e) < 2 sup (y]JI'^^fe^'=(")^lls) ■ 

Proof. There exists y in the unit ball of [Hf,{M),Hp{M)]e such that 

\\x\\z;{M,0) = \tiixy*)\. 



On the other hand, according to Lemma l5.4l and using homogeneity, we may write 
dyk ~ £k{ay^'^bk with a being a positive operator in the unit ball of L„/2(A^) and 
61, 62, . . . satisfying 

(5.14) (Ell^^ll«)'^"^2. 

fe>i 
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With this decomposition we obtain the following estimate 

\\x\\z;iM,e) = l^^tr(dxfcdyfc) 

The assertion follows from (|5.14p . The proof of the second estimate is similar. □ 

In the following result and in the rest of this paper we shall write A < B to 
denote the existence of an absolute constant c such that A < cB holds. 

Lemma 5.6. Ifp,q,u,v are as above and l/u+ l/s = 1, we have 

a>0 

l|a|U/2<l ^ " ' ^ pi^ I' p''- "» 

a>0 

Proof. We may find an analytic function 

f:S^Hi,{M)+H;,{M) 

such that f{9) ^ x and 

max{ sup ||/(^)||^p;(^), sup < \\A\n-:(M).n^ ,(M)W 

By homogeneity, let us assume that the right hand side above is 1. Now we take 
positive element a in the unit ball of L„y2(-^) so that we may consider an analytic 
function g : S Loo(A^) + -^g/2(-^) satisfying g{6) = a and 

max] sup ||.9(2)||oo, sup ||5(2)||q/2[ < 1- 
zedo zedi J 

Then we construct the analytic function 

Kz) = ^^(5fc ® rffc(/(^))*ffe(5(^))rffe(/W) e £oo{LiiM)). 
For z G do we have 

IIM^)IIp72< (Ell'^^(/(^))llp')'^' sup||£,(g(z))L(5]|14(/W)|ip)'^' <1. 

k>l '^-^ fe>l 

In the case z € di, we choose a factorization g(z) = gi{z)g2{z) such that 

= \\92{z)\\q = ^J\\9iz)\\q/2 < 1- 

Then, Holder inequality provides the following estimate 

\\h{z)\\, = ^||£:,.(dfe(/(z))*5i(z)52(z)rffe(/(z)))||i 
fe>i 

< (5]tr(d,(/(z))*gi(z)gi(z)*dfe(/(z))))' 
fc>i 
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(^tr(dfc(/(z))*52(^)*52(2K(/W))^ 



k>l 



< \\J2dk{f{z))dk{f{z)) 

k>l 



1/2 I 



fc>i 



1/2 
p'/2 



< 1. 



Indeed, in order to apply Holder inequality in the first inequality above, we factorize 
the conditional expectation £k-i{a*b) as the product Uk-i{a)*Uk-i(b) by a right 
A^fc_i-module map Uk-i : M — > Coo(A^fc-i), see e.g. |14l 120) . By complex 
interpolation (2/s — 2(1 — 9)/p' + 9), we conclude that 

-\\H9)\\f,<l. 



(X^fc \\^kia)'^dxk 
The column version of this inequality follows by taking adjoints. 
Remark 5.7. When 1 < p < 2 we have 

'\x\\z;iM,e) - sup (V 
'■ '■ ;i ^ 



□ 



sup 

lkll„/2<i 

a>0 



sup 

lkll„/2<i 

a>0 



|ffe(a)2dxfe| 
\dxk£k{a)^ 



l/s 



l/s 



Indeed, since anti-linear duality is compatible with complex interpolation via the 
analytic function tr(/(z)*g(z)), we find by refLexivity in the case 1 < p < 2 the 
following isomorphisms 



z;{M,9) ^ [nl,{M),n;,{M)]e, 
Z;{M,9) c [n^^,{M),n;,{M)]e. 

Therefore, the result follows from Lemma 15.51 and Lemma l5. 6 



(5.15) 



Remark 5.8. Lemmas l5.41 15.51 15. Gl and Remark l5.7l immediatelv generalize for 
the row and column conditional Hardy spaces. Indeed, if we replace the row and 
column Hardy spaces Hp{M) and Hp{M) by their conditional analogues hp{M) 
and hp(M) and the conditional expectation £k by £k-i, it can be easily checked 
that the same arguments can be adapted to obtain the conditioned results. 

We shall also need to generalize the norms of hp{M.) and hp{Ai) for arbitrary 
(non- necessarily adapted) sequences zi,Z2, ■ ■ ■ in Lp{M) as follows 



^k 



4 ® Zk 



• ^k 



£k^\{zuzi)y 



' Zk 



^ £k~i{zlzk))''- 



Lemma 5.9. Let p,q be as above and let us consider the indices {s.t) given 
by l/s = (1 — 'ri)/p' + 7]/2 and 1/t — rj/q for some parameter < 77 < 1. Then, 
the following estimates hold for every martingale difference sequence dxi,dx2, ■ ■ ■ 
in Lpi{M) 



y^ ,^ 5k ® dxkOk 



< 



El 

k>l 



akWl 
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1/t 



Proof. We recall that 

hold isometrically. Indeed, we recall the factorization 

ffc_i(a*6) = Ufe_i(a)*Ufc_i(&) 
used in the proof of Lemma l5.6l and the resulting isometric embeddings 

L^onAM-.r^) C L,{M;Rp{n^)), 

^co„d(-^;^2) C Lp{M;Cp{N')). 
We refer the reader to [14) for a more detailed explanation. According to our claim 
and by bilinear interpolation, it suffices to prove the assertion for the extremal 
cases. When ry = we have (s,i) = {p',oo) and the following estimate holds 

(V" £k-i(dxkakaldxl))^ < sup ||afc||oo ( £k-i(dxkdxl)) '- 
ir^fe p' k>i ir^fc 

On the other hand, for rj ^ 1 we have (s, t) = (2, q) so that 

1/2 

tr I aialdxldxh ) ' 



^^^£k~i{dxkakaldx*k))^ ^ = ( tT{aka*kdxldxk 

.1/2 

WahWtWdxkWt, 



This proves the first inequality. The second one follows by taking adjoints. □ 
The following is the main result of this paragraph. 

Proposition 5.10. Ifp,q,u,v are as above and 1/s — 1, we have 

Mz'^iM,e) < max{||a;||^,;^_^^,||a;||j^,;^_^^,^^^(_^^jj. 

Here the constant c{p, 9) satisfies c{p, 6) ^ 1 as v oo and 



Proof. According to Lemma [5T5] we have 

\\x\\z-(M,e)<2 sup (y2\\£k{a)^dxk\'''^ 

l|aL/2<i ^ 

a>0 



However, since 2 < s < cx) we have 
\\£kia)^dxk\\ 



(5.16) ||£fc(a)5dx, 



= f y^,^ \\dxl{dak + £k-iia))dxk\\'l^^l 



l/s 
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|s/2 
Is/2 



||rfa;^ffe_i(a)(ixfe| 



s/2 
s/2 



l/s 



As we pointed above, Lemma 15.61 and Remark 15.71 generalize to conditional Hardy 
spaces after replacing Ek hy Ek^i. In other words, the inequality below holds with 
absolute constants for 1 < p < 2 

sup ( \\dxl8k-i{a)dxk\''^'^'^ 



(5.17) 



II«IU/2<1 

a>0 



s/2 



< 



^[nl,[M),hi,[M)W 



Therefore, it suffices to estimate the first term on the right of (|5.16p . 
Step 1. We first assume A < v < oo. Since l/s — 1/v + l/p' 



l/s 



< 



J 11^/2 



l/v 



Then, complex interpolation gives 

(Ejl'^«fclC/2)'^''<^ll«liy/2<^ for A<V<^. 

Indeed, our claim is trivial for the extremal cases. 

Step 2. The case 2 < w < 4 is a little more complicated. By the noncommutative 
Burkholder inequality [22j , we may find a decomposition dak = dak + dPk + c?7fc 
into three martingales satisfying the following estimates 



(5.18) \\{J2^£kMdPkdp*k)y 
||(^^£:fc_i(d7,*d7,))^ 
where we know from |47| that 



v/2 



v/2 



< c„||a||„/2, 

< c„||a||„/2, 



< 



1 



for 2<v<A. 



|s/2 
Is/2 



Since we need to estimate the first term on the right of (|5.16p , we decompose it into 
three terms according to the martingale decomposition above. The resulting term 
associated to a can be estimated as in Step 1. For the second term (associated to 
(3) we may find a norm one element (bk) in i(s/2)'(-^;^(s/2)') such that 

(5.19) (^Jldx^d/Jfedxfe'"'^^^^" 
However, we have 

tr [bkdx*kd(3kdxk) 



tr (bkdxldPkdxk) 



< 



< 



y^^^ tr{dPkdxkbkdx] 
y^^^ iv{£k-i{dl3kdxkbkdxl)) 
{Y, EkMdhdPD) 



v/2 



I ( £k~i{dxkb*kdx*kdxkbkdx%)) '■ 
Ct;||a|U/2|| (El, £k~i{dxkbldxl.dxkbkdxl)) ' 



iv/2y 



[v/2y 
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Indeed, the first inequality above follows from Holder inequality after representing 
£k-i{a*b) as Uk-i{a)*Uk-i(b) via the right module map Uk-i considered in the 
proof of Lemma l5.6l The estimate for the term associated to 7 is similar and yields 
the same term with 6^ and bk exchanged. Now we have to estimate the term 



£k-i{dxkbldxldxkbkdxl)) ■ 



{v/2y 



Writing each bk as a linear combination 

bk = {bki - bk2) + i{bk3 - bki) 

of positive elements and allowing an additional constant 2, we may assume that 
the operators 61, 62, • • ■ are positive. This consideration allows us to construct the 
positive elements Zk = {dxkbkdxD"! . Then, recalling our assumption 2 < w < 4, we 
have 2 < (u/2)' < 00 and Lemma 5.2 of [22] gives for t ^{v/2y 



In our situation, this implies 
(5.20) II ( ^ £k-i{dxkb*kdx*kdxkbkdxl)) 



2t-l 



{v/2y 



t — 1 

< £k-iidxkbkdxl) ^' ( \\dxkbkd: 

II ^' (v/2)' V II 



{v/2y 

Using / L„ — / L„ = 2 _ 2 „ g 

*^ {v/2)' \s/2)' s V p' ' 



I {v/2y\ 4t-2 

\iv/2y 



(Efe Il'^'^'^^'='^^fe|lw2)') - \\dx\\p'\Mis/2y\\dx*\\p' < [^^WdxkW'p, 
In other words, we have 

, 1 

I (f/2) \ 4t-2 



^ ^dxkbkdxl^^^^^^y 



For the first term on the right of (|5.20p we use Lemma [5?9l with 
iv,s,t) = (l-0,2(t;/2)',2(s/2)'). 

This yields 



E £k-i{dxkbkdx*k) 



(v/2y 



ESk <E) dxkb 
k ' 



< 



I&.l 



(s/2)'\ W^n ||2 



{s/2y 



'[H'',{M}M'',(M)]e 



Hence, since (bk) is in the unit ball of i(s/2)' (■'^; ^(s/2)')i conclude 



^ £k~i(dxkbkdxl 



2t-l 



4t-4 
I 4t-2 



< li^^ir , 

(v/2y - " "[W^(A<),/i;,(A^)]o 



The estimates above and (|5.20p give rise to 



£k-i{dxkbldx*kdxkbkdx*k)) ' 



{v/2y- 



<max 



'[nl,(M},h'-,iM)]o. 



Taking square roots as imposed by (|5.19p and keeping track of the constants, we 
obtain the assertion for Zp{A4, 9). The column case follows by taking adjoints. □ 
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At the beginning of this paragraph, we assumed that the von Neumann algebra 
M was finite and equipped with a n.f. state f with respect to which the associated 
density satisfied ciIm < D < C21m- This assumption was only needed in Lemma 
15.41 (and its conditional version) in order to apply a variation of Devinatz's theorem. 
On the other hand, this result has been only applied to prove Lemma [5?5] Therefore, 
if we are able to show that Lemma 15.51 (and its conditional version) holds for 
arbitrary cr- finite von Neumann algebras, the same will hold for Proposition 15.101 
As we shall see, this is relevant for our aims since we shall use these results in the 
context of free products. Let us indicate how to derive Lemma 15.51 for cr-finite von 
Neumann algebras. As expected, we apply Haagerup's construction and consider 
TZ = M >^(j G for the discrete group 



neN 



The crossed product 7?, is a direct limit of a family of finite von Neumann algebras 
7?.i,7?.2, . . . (we change our usual notation here since in this chapter A4i,M2, ■ ■ ■ 
stand for a filtration of A^) which are obtained as centralizers constructed from the 
modular action for ip o E^vi , where 

Em ■■ ^9^(9) en^xoeM 

denotes the natural conditional expectation onto A4. The trace in TZn is given by 
Tnix) — ip o E^((i„a;) where ci„1tc„ i£ <!„ < C2n^'Rn- 1^ is then easily checked that 

Mn{m) ^ >^„n7^™, 

are increasing filtrations in TZ and TZm respectively. Thus, Lemma 15.51 (and its 
conditional version) holds for TZm and the filtration A^i(m), A^2('Ti), . . . for fixed 
rn > 1. Moreover, according to (|2.3p and a simple density argument. Lemma 15.51 
remains valid for TZ and the filtration A^2, • . . Finally, it remains to see that 
Em extends to a contraction on Ti'^iJZ) and hp{TZ) where s € {r,c,p}. This is 



obvious for s = p, see e.g. 



for the convention hP{7Z) — Ti^{TZ). For s = r, c we 



recall that Em and £k-i commute. In the case 2 < p < 00, this implies 



£k-i{dk{EM{x))dk{EM{x)y 



p/2 



£k-i{EM{dxk)EM{dxl)) 



p/2 



< 



< 



£k-i{EM{dxkdxl)) 



I ^-^ ( X!fe £k-i{dxkdxl)) 



p/2 
p/2 



£k^i{dxkdxl) 



p/2 



The arguments for T-Cp{TZ), p > 2 (as well as the analogues for the column spaces) 
are the same. For 1 < p < 2 we have to argue differently. By duality, it suffices to 
prove the assertion for L^jAiO with 2 < q < 00, see Theorem 4.1 of |22j for this 
duality result. Indeed, the norm in that space is given by 



\\x\\l-mo = sup ^ £n{dxkdx*k) 



" k>n 



q/2 
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Therefore, using the inequahty 

II sup Ea<(z„z*)| 



ji>i 



q/2 



< SUpZnZ* 



n>l 



I q/2 



which follows easily from (|5.4p . we see that the same argument above applies. On 
the other hand, it is easily checked (as in [22], Theorem 4.1) that the corresponding 
dual in the conditional case is given by 



sup y Snidxk.dxl.) 

n>l f—^ 



q/2 



5.2.2. Two-sided estimates. Now we will perform a similar task considering 
two-sided terms. Since most of the arguments are the same, we shall only sketch 
the main ideas in the proofs. Again, we begin by assuming that A4 is finite and 
the density D associated to the state cp satisfies ciIm < D < C2\m- The above 
argument via Haagerup's construction leads to the cr-finite case. 

Lemma 5.11. Let l<p<2<q<oo be such that 1/p = 1/2 + 1/q. Given 
< 9 < 1, let X be a norm one element in [7^p{M),^i.p{^A)]e and let us consider 
the indices 2 < Wr,Wc < oo defined as follows 

1/wr = (1 — 9)/q and l/wc = 9/q. 

Then there exists {ar,ac) G L^^/2{-M)+ x L^^/2{M)+ and bk € L2{Mk) such that 

dxk = £kiar)^bk£k{ac)^ and max | ||a,.||i„^/2, \\bk\\fj ^ ||ac||«,,/2| < 2. 

fe>i 

Proof. Assume by approximation that x is a finite martingale in Lp{Mrn) 
for some integer m > 1. Therefore, since x is of norm 1 there exists an analytic 
function f : S ^ Lp{Mm) of the form 

rn 

which satisfies f{6) — x and the estimate 

Cm m '\ 

I II I II 

max< sup ( V'dfc(z)dfc(z)*) " , sup ( dfe(z)*dfc(2;)) ' 



Now we define 



fe=i 



fc=i 



< 1. 



XUdA^)di{zr+6Di)^., 



\Y!]=idA-^Ydj{z) + 5mf^, 



if z e do, 

if z e di. 

if z e 9o, 

if z e di. 



As in Lemma [5.4l we are now in position to apply Devinatz's theorem. This provides 
us with two analytic functions /i^ and with analytic inverses and satisfying the 
following relations 

hl{z)hl{zY = gl{z) foraU zedS, 
Ki^TKiz) = 9kiz) for aU z e OS. 



(5.21) 
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m 




fe=i 

m 






5 K{e) 



According to the argument in Step 1 of the proof of Lemma 15.41 we have 
(5.22) 

< (l + J*)'. 

Now we consider the functions 

w,{z) = hl{z)-^d,{z)hl{z)-\ 

Note that we have unitaries ul.{z) and u'f.{z) for which 

Kiz) ^ 9l{z)^ul{z) and hl{z) = ul{z)g'^{z)^ . 

Thus, Wk can be rewritten as follows on dS 

Wkiz) = ul{z)*gl{zyidk{z)ul{z)* on ^o, 
Wk{z) = ul{z)*dk{z)gl{zy^ul{z)* on ^i- 

In particular, the same argument as in Lemma [5^ (second part of Step 2) yields 



zeds 



sup (J2\\wk{z)\\iy<J2{l + 6i) 



k=l 



Therefore, the same bound holds for z = 6 hy the three lines lemma. For the 
moment, we have seen that dxk = hl,{6)wk{d)h'^{0). Now, recalling that and g'f, 
take values in Lq/2(-^/c), we deduce that the sequence h\{9), h2{0), ■ ■ ■ as well as 
h\{6), h2{0), ■ ■ ■ are adapted. In particular, the argument in Step 3 of Lemma 15.41 
gives rise to 

KiO) ^ £k{ar)hk and hl{d) = -fl,£k{ac)^ 
for some contractions 7^, 7^ G Mk and some positive elements a^, clc satisfying 

max|||ar||^^/2, lladU.ja} < {l + S^Y^^ . 

The proof is completed by taking the elements bk to be 7^Wfc7^ for 1 < k < m. □ 

Exactly as we did in Lemma 15.51 the following result is a direct application of 
Lemma [5 -111 for the dual space 

Lemma 5.12. If p,q,Wr,Wc are as above, we have 



\x\\z^(M.e) < 8 sup (y^ \\£k{ar)^^dxk£k{ac)^\l 

\MU/2,\MU/2<1^^'' 

a,. ,ac >0 



1/2 



In Proposition 15.101 we found the constant c{p, 9) . Now we define 

c'{p,9) = max |c(p, 61), c(p, 1-0) I . 
Proposition 5.13. If p,q,WrTWc are as above, we have 
\\x\\z^(M,e) < c'(p,6')max|||a;||^p', ||a:|L^, ^^p'l, Jkll r^P'.^c , , ||x|| [,,.,,,,e^] I. 
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Proof. According to Lemma [5. 121 we have to estimate the term 



A = \\£kiar)'^dxk£k{ac)^^ 



1/2 



for any pair (ar,ac) of positive elements satisfying ||ar||iu^/2 < 1 and \\ac 
To that aim, we decompose it into the following three terms 



\wj2 



< 1. 



(5.23) A^ 



tr [dxk£kiac)dxl£k{ar)) 



- I y^,. tr[dxkdk{ac)dxldk{ar)) 
+ I y^^_ tr((jxfcgfc_i(ae)da:^dfc(or)) 
ti-{dxkdk{ac)dxl£k-i{ar)) 



I 

+ \^^ti-{dxk£k-i{ac)dxl£k-i{ar)) = A? + A^ + + 

In particular, we have A < Ai + A2 + A3 + A4. The estimate for A4 is rather 
simple. Indeed, arguing as in Remark 15.81 the conditional version of Lemma 15.121 
follows after replacing £k by £k-i- Moreover, as in (|5.17|) the argument in Lemma 
gives 

1/2 



sup 

lk.|L,/2,||ae!!„,/2< 



.( 



\£k-iiar)^dxk£k-iiac) 



1 ||2 



< 



with absolute constants. Therefore, we find 

A4 = \\£k~liO'r)^ dXk£k~liac)^' 



1 l|2 
2 



1/2 



< 



\x\\[h-iM),h'=,{M)]g- 



It remains to estimate the terms Ai, A2 and A3. 



Step 1. We first estimate the term Ai. Recalling that 1/wr + l/wc = l/q < 1/2, 
we must have 4 < max{wr,Wc) < 00. Moreover, since both cases can be argued in 
the same way, we assume without lost of generality that 4 < tu^ < 00. In this case 
we have 



A? = 
< 



^k 



tv[dxkdk{ac)dxldk{ar)) 



E,ii^^-(«^)ii:::/2 



2/tUr 



(i«./2)'\V("'./2)' 



The first term on the right is controlled by ||ar||iiir/2 since we are assuming that 
Wr > 4. For the second term on the right, we observe that 2(wr/2)' is determined 
by the following relation 



1 



2{wr/2y 2 Wr 'I q 
Thus, this term is estimated as follows 

2/s 



1 1 _i 1-9 _^ 1 e _^ 1 

2 Wr 2 Q P q U 



f y^,^ \\dxkdk{ac)dxl\ 



s/2 
s/2 



< 



(X!fe \\dxk£k{ac)^- 

( 



2/s 



\dxk£k-i{ac)"' 



2/s 



^11 + ^12- 
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By (the proof of) Proposition 15.101 we conclude that 

All <c(p,0) ^^^{Mn-:iMy\\^\\[ni:(M)M;,iM)]e}- 
On the other hand, (|5.17[) yields the estimate 

Ai2 < \\^\\[ni:{M)M;,{M)]o- 
The case 4 < Wc < cxd is similar and yields 

Ai<c{p,e) niax{||x||^,;^_^^,|lx||j^^^^_^^^^,;^^^jj. 
Therefore, in the general case we conclude 

Ai < c{p,9) max|||a::||^p^^^^, W^W^f^r^^^yy^pj^^^^^^, H'^H [■H^;(Al),ft^,(A4)]e }■ 

Step 2. The same arguments as in Step 1 yield the right estimate for A2 in the 
case A < Wr < 00 and for A3 in the case 4 < Wc < 00. Of course, there is an obvious 
symmetry between both cases so that we only prove the estimate for A3 in the case 
4 < Wc < 00. We have 

a2//V^ II , / Ml'^'c/2\^/"'W^ He / ||2(«,j2)'\l/("'o/2)' 

The first term on the right is controlled by ||ac|| 111^/2 while 



*=ll2(«,,/2)' 



1 1 1 1 61 ^ 1 1 



2{wc/2y 2 Wc 2 q p q 

That is, the roles of 9 and 1 — 6 have exchanged with respect to the situation in 
Step 1 above. Therefore, according to the equivalence (|5.17p we easily conclude 
that 

A3 < M[hr,(M),ni:{M)]e- 

When 4 < < 00 we obtain the estimate 

A2 < M[n''J,{M)^-^,{M)]e- 

Step 3. Now we estimate A2 for 2 < w,. < 4 and A3 for 2 < < 4. Again by 
symmetry, we only prove the estimate for A2 . The proof of this estimate follows the 
argument given in Step 2 of Proposition lS.lOl By the noncommutative Burkholder 
inequality, we may find a decomposition dk{ar) — dk{oir) + dkifir) + dki'jr) into 
three martingales satisfying (|5.18p with (a,/3,7) ^ (ar,/3r,7r) and v Wr- Then 
we have A^ < A2(a)^ + A2(/3)^ + A2(7)^ with 

A2(a)^ = I y^^^ tT{dxk£k^i{ac)dxldkiar)) 
A2(/3)^ = ^Y^^tr{dxk£k~i{ac)dxldkiPr)) 

A2(7)^ = I y^^^tr(da:fcgfc_i(ae)dxfcdfc(7r)) ■ 

The term A2(a) is estimated as in Step 2, due to the first inequality in (|5.18p . The 
terms A2(/3) and A2(7) are estimated in the same way so that we only show how 
to estimate A2(/3). We proceed as in Proposition lS.lOl again and obtain 

A2(/3)2 = \^^tr{£k-i{dkiPr)dxk£k~iia,)dxl)) 



94 



5. INTERSECTIONS OF L„ SPACES 



X II ( y^^^ gfc-i {dxk£k-i{ac)dxl) 

— 1 1 \\wr/ 



.11 



2\ 2 



(j«./2)' 

2 ( £k-i{dxkSk-i{ac)dxlf) ^ 



To estimate the last term on the right we define Zk = [dxk£k-i{o-c)dx*f.) 2 . RecaUing, 
our assumption 2 < < 4, we have 2 < {wr/'2.)' < 00 and Lemma 5.2 of [22^ gives 
fort iK/2)' 

II E/-i(4)|L ^ II E/-i(-^)||f^ (Eji-^ii- 

In our situation, this imphes 
II ( El. £k-i{dxk£k~i{ac)dxl)'^) ^ 



(^) 



- £k-\{dxk£k-\{ac)dxX) 



2t-l 



\\dxk£k~i{ac)dxl 



I {Wr/2y\ 4t-2 

l(»./2)'. 



If wc take 



Me 



aa-K^^\\x\\^,j^,\\x\\^^^^^.^,j^^^,\\x\\^^pj^^ 
we have already seen in Step 1 above that 



(Efc \\dxk£k-iiac)dxl 



l(t"./2)' 



We claim that 



(5.24) 



£k-i{dxk£k~i{ac)dx*k) 



(™./2)' 



< X 



If we prove ()5.24|) then it is easy to see that A2(/3) < M and the estimate for A2 
will be completed. Arguing as in Lemma 15.61 it is not difficult to check that the 
left hand side of (|5.24p does interpolate. Hence, it suffices to estimate the extremal 
cases. When 6' = 0, we have [wr^Wc) = (9,00) and [wr/2)' = p' l'2.. Consequently, 
we find 



£k-i{dxk£k-i{ac)da 



P'/2 



< War. 



^^£k-i{dxkdxl] 



P'/2 



< \\x\ 



When 6 ^ 1 we have {wr, Wc) = (00, q) and (?i;,./2)' = 1 so that 
^^^^£k-i{dxk£k-iiac)dxl) ^ = ^^tr{£k^i{ac)dx*kdxk) 

= ^^tr(ac£k~iidxldxk)) 
- \\"'c\\u^.£k-i{dx*kdxk) 



< \\x\ 



hl,{M)- 



Note that the first identity assumes that Oc is positive and this is not necessarily true 
on the boundary. However, decomposing into a linear combination of four positive 
elements and allowing an additional constant 2, we may and do assume positivity. 
Therefore, (|5.24p follows from the tree lines lemma. A detailed reading of the proof 
gives now the constant c'{p,9) stated above. This completes the proof. □ 
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5.3. Interpolation of 2-term intersections 

Let us fix some notation whicli will be used in the sequel. As usual, we begin 
by fixing a von Neumann algebra M and a von Neumann subalgebra Af with 
conditional expectation E : M ~^ M. Given I < q < p < oo and a positive integer 
n > 1, the main spaces in this paragraph will be the following 

V p — q ' > 

C^p,,{M,E) = n^L,p{M)nn^L'l^(M,E). 

In order to study these spaces we need to introduce some terminology. We set Afc 
to he M ® M for 1 < A: < n. Then we consider the reduced amalgamated free 
product A — *^fl^k where the conditional expectation E^v : A — > A/", defined in 
Paragraph 1 5 . 1 . 1 1 as Ej^{a) — QgaQ©, has the following form when restricted to Afc 

Eu{xi,X2) = ^(E(a;i) + £(2:2)). 

Given a n.f. state (/s : A/" ^ C, let (^2 : ® — > C be the n.f. state 

f2{xi,X2) = i((^(E(a;i)) + v{E{x2))) Lp[Ej^{xi,X2)) . 

We shall write A@n for the direct sum A® A® . . . ® A with n terms. If stands 
for the free product state on A, we consider the n.f. state : A(^n ^ C and the 
conditional expectation : .4©„ A given by 

n 1 " 1 ^ 

0n(^a;fc (g)(5fc) = -^0(xfc) and f 0^ ( ^ a;fc (g) 4) = - ^ a;^. 

k=l k=l k=l k=l 

Let TTfc : Afc ^ denote the embedding of Afc into A as defined at the beginning 
of this chapter. Moreover, given x Cz Ai we shall write Xk as an abbreviation of 
TTfc (a;, —a:). Note that Xk is a mean-zero element for I < k < n. In the following we 
shall use with no further comment the identities 

^j\r{xkxl) — E{xx*) and Ej^{xlxk) = E{x*x). 

Let us consider the following map 

n 

(5.25) u : X e M 1-^ ^ Xfc (g) (5fc G A^n- 

k=l 

Moreover, if dip denotes the density associated to the n.f. state (p = ipo E on Ai and 
stands for the density associated to the n.f. state 0„ on Aq^ , we may extend 
the definition of u to other indices by taking 

u{d~x) ~ d^^^u{x) and u{xd~) — u{x)d^^. 

In the following we shall consider the filtration on the von Neumann algebra A 
given by Ak = Ai A2 *j\f ■ ■ ■ *j\f Afc. In particular, for any x G Lp{A4) we obtain 
that u{x) — (xi, X2, ■ . . , Xn) is the sequence of martingale differences of Xk. 

Lemma 5.14. If I < p < 00, the following mappings are isomorphisms onto 
complemented subspaces 

u: n%^^{M,E) ^ nipiA), 

u: C2V(^,E) ^ n%{A). 
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Moreover, the constants are independent of n and remain bounded as p ^ 1 . 
Proof. Let us observe that 

7^5p,l(X,E) - n^L2piM)nV^L^2piM,E), 

Given x G 7?-2p,i(-^i E), Corollarv l5.3l gives 



\u(x} 



In other words, we have 
\\u{x) 



k=l 



1/2 



2p 



(El 

k=l 



2p 



U^E^fixkxl))- 



k=l 



2p 



This proves that u : 7?.2pi(A^,E) — > 'H2p{A) is an isomorphism onto its image 
with relevant constants independent of p, n. A similar argument yields to the same 
conclusion for the column case. To prove the complementation, we recall that 

ni^piAy ^-Hl^pyiA) for l<p<oo 

(with relevant constants which remain bounded as p ^ 1) and consider the map 

1 1 1 " 

e —Li^2pyiM) + ^Ll^py{M,E)^-Y,^k(^SkeHl2pyiA). 



uj : X 



fc=i 



Let d^ be the density associated to </? o E. Assume by approximation that 

X = adV*-^^-* a 

for some {a, a) E J\f x Ai. Then, taking d^ to be the density associated to the state 
(j) on A and defining = 7rfc(a, —a), the following estimate holds by Theorem 7.1 
in 



0-1(2;) 



< 



n 



1/2 

1/2 



fc=l 



This gives 
(5.26) 

On the other hand, the inequality 



(5.27) 



,{M) 



follows by the complex interpolation method between the (trivial) extremal cases 
for p — 1 and p = 00. The estimates (15.26^ and (|5.27p show that the map w is a 
contraction. Note also that 



n 1 ^ 

{u{xi),u(x2)) = -Y^T:A{xlkX2k) = - Y^t:m{xIx2) 



{Xl,X2) 



k=l 



k=l 
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In particular, since we have 



1 



(M) 



it turns out that the map u!*u is the identity on 7?-2p,i(-A^, E) and ulu* is a bounded 
projection onto the image of u with constants independent of n and bounded for 
p ~ 1. This completes the proof in the row case. The column case is the same. □ 

Before proving our interpolation result, we need to consider a variation of 
LemmaEHH Namely, we know from [22 that H'2p{A) ~ L2pMO{A) for 1 < p < cx3 
and with constants depending on p which diverge as p — > oo. We claim however 
that Lemma l5 . 141 still holds in this setting with bounded constants as p — > cxd. 

Lemma 5.15. If 1 < p < oo, the following mappings are isomorphisms onto 
complemented subspaces 

u: 7^^p,l(X,E) LljMO[A), 
u: C2"p,i(X,E) ^ Ll^MO{A). 
Moreover, the constants are independent of n and remain bounded as p 
Proof. The noncommutative Doob's inequality |14j gives 



oo. 



sup £„ 

1< m < n 



k—m 



XkXf. 



< 



7p 



^kXk 

fc=i 



Note that 7p — > oo as p ^ 1 but 7p < 2 for p > 2. On the other hand, we may 
estimate the term on the right by using the free Rosenthal inequality (see Corollary 
one more time 



fe=i 



XkXk 



2 

k=l 



This shows that u : TV^p i(A^, E) L2pA40{A) is bounded with constant jp. To 
prove complementation and the boundedness of the inverse we proceed by duality 
as in Lemma 15.141 Indeed, using the map w one more time and recalling that 

LlpMOiA)^Hl2pyiAr 

with constants which remain bounded as p — > oo (c./. Theorem 4.1 in [22]), we 
may follows verbatim the proof of Lemma l5.14l to conclude that the map lo*u is the 
identity on 'R-2p i{M., E) and uuj* is a bounded projection onto the image of u with 
constants independent of n and bounded for j> ~ oo. This completes the proof in 
the row case. The column case follows in the same way. □ 

Theorem 5.16. If I < p < oo and l/q = 1 - 6 + 0/p, we have 

[7^«p,l(>^,E),7^^^_^(x,E)], ^ 7^«p,,(>^,E), 

[C-^^,{M,E),Cli^^p{M,E)]^ ^ C^pJM,£), 
isomorphically with relevant constant c{p, q) independent of n and such that 
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Proof. By Corollary 14. 7l i). we have contractive inclusions 

[7^^V^l(x,E),7^^p,^(x,E)], c n%^^{M,E), 

To prove the converse, we consider again the map given in (|5.25p . It is clear that 

n j_ 

" k=l 

This shows that u : n/^ L2p{M.) ' H^{A ) is an isometric isomorphism. Moreover, 
arguing as in the proof of Lemma 15.141 we easily obtain that the image of u is 
contractively complemented. This observation together with Lemmas 15.141 and 
15.151 give rise to the following equivalences 

M\[n^^^^(M.E),n",^jM.E)]e - \H^)\\in^,^iA),nZ{A)]o for small p, 

l|a;|l[7^J^ ,(A^,E),K^p,^(A4,E)]. ^ \H^)\\iL^,^MO{A),nlliA)]o Urge p, 

with constants independent of p, q, n. On the other hand. Berg's theorem gives 
isometric inclusions 

[L^,^MOiA),nZiA)]^ c [r,^MOiA),nl{A)Y. 

Now we can use duality and obtain 

[n^2M)'Ki^)Y ^ [^(2p)'(-4),wg!;(^)]; fori<p<oo, 

where the constants in the first isomorphism remain bounded as p ^ 1 and the 
constants in the second one remain bounded as p — > oo. Therefore, recalling the 
terminology used in the previous section 

[^(2p)'(-4),<:j;(-4)];-^(2p)'(-^'i-^) 

and taking adjoints, we obtain 

Min^^_,{M.E),n^i^jM.E)]s - \Hx)\\z^^^^,(A,i^e) = ^p{A,e), 

M[cs^jM,E),c^^jM,E)]o - ^ A'p{A,9), 

with constants independent of p, g, n. According to Proposition 15. lOl we have 

AliA,0) < c{p,q) max|||M(x)||^2p(^),||u(a;)||[^2p(_4) ,^.^(^)]^_J. 
Let us estimate the two terms on the right 

n j_ 

ll"(2^)llwgM) = (Xl ll^'^'llsp) ="^lla;|l2p< \\x\\n",^^,{M,E)- 

k=l 

For the second term we observe that 

n 1 

k=l ^ 
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EM 



k=l 



2p 



k=l ^ 

where the second inequahty follows by freeness. By complex interpolation and 
Corollarv l4.7l we conclude 

In summary, we have proved that 

\\x\\n^i^_,{M,E) < \\x\\[n^^^(M.E),n^^JM,E)]e < C{p,q) Mn^^ ^^iM.E) 

where (recalling that p {2p)' and 1 — 0), it follows from Proposition 15.101 
that 

c[p,q)^\ — - — - — as (cx3,l). 
\j pq + q-p 

This proves the assertion for rows. The column case follows by taking adjoints. □ 

Remark 5.17. At the time of this writing, we do not know whether or not 
the relevant constants in Theorem 15.161 are uniformly bounded in p and q. Our 
constants are not uniformly bounded due to fact that we use the noncommutative 
Burkholder inequality from 22 in our approach. We take this opportunity to pose 
this question as a problem for the interested reader. The same question applies to 
Theorems 15.181 and 17.21 below. 

5.4. Interpolation of 4-term intersections 

In this section we study the interpolation spaces between TU^p i {M , E) and 
C2pi(A^,E). Of course, as it is to be expected, our main tools will be the free 
Rosenthal inequalities and the two-sided estimates for BMO type norms. We shall 
use below the constant c'{p, 9) in Proposition (57121 



Theorem 5.18. If I < p < oo, we have 



u,v^{2p' ,00} 

isomorphically with relevant constant controlled by c'{p,9) and independent of n. 
Proof. According to Corollarv l4.7l we have 

[V^Llp{M,E),n^L^p{M)]^ = u'^+^l'I, (M,E), 

[n^pL2p{M),V^L-,p{M,E)]^ = n'^+-- L^/' {M,E), 
for 1 < 7? < cxD. Moreover, if 1 < < oo the same result gives 

[ x;; (X , E) , ^^ (X , E)] , = ^^ l'^ ,^,(M,E). 
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In the extremal case we claim that we have a contractive inclusion 
[l:^{M, E), L-^(M, E)], c E). 

Indeed, let us consider the multi-linear mappings 

Ti : {a,x,(3)eL2{M)xLl^{M,E)xLoo{M) ^ axf3 e L2{M), 
T2 : {a,x,(3)eLoo{M)xL''^{M,E)xL2{M) ^ ax(3 & L2{M). 

By the definition of L'^{A4, E) and L'^{A4, E) it is clear that both Ti and T2 are 
contractions. In particular, it is easily checked that our claim follows by multi-linear 
interpolation, details are left to the reader. Therefore, according to the observation 
above and CoroUarv 14.71 we obtain the lower estimate with constant 1. In other 
words, there exists a contractive inclusion 

u.v£{2p' ,00} 

To prove the converse, we consider again the map given in (|5.25p . Arguing as in 
the proof of Theorem 15.161 and according to Lemmas 15.141 and 15.151 we obtain the 
following equivalences 

l|a:||[7jj^ ,(X,E),cjp,,(X,E)]« \H^)\\[Hi,^iA),n^,^{A)]o for p < 2, 

with constants independent of p, q, n. On the other hand. Berg's theorem gives 
isometric inclusions 

[U2^MO{A),L'i^MO{A)\^ c [U2^MO{A),L'i^MO{A)Y . 
Now we can use duality an obtain 

[ni^{A),n%{A)Y ^ [n\2,y{A),ni2,y{A)]l fori<p<oo, 

[U2^MO{A),Ll^MO{A)Y ^ [n\2py{A),ni2py{A)\l for 1< p < oo, 

where the constants in the first isomorphism remain bounded as p — > 1 and the 
constants in the second one remain bounded as p — > oo. Therefore, recalling the 
terminology used above 

[n\2py{A),nl2,y{A)\l=Z(2py{A9), 

we deduce the following equivalence 

According to Proposition l5.131 the right hand side is controlled by 

c'{p,B) Ta&,^[\\u{x)\\^2,^\u{x)\\^^r^^^^^^^^^^ 
The first two terms are estimated as in Theorem 15. 161 

\\^^^)\\hII(A) = »^^lkl|2p, 
\H^)\\[K^iA).Ull(A)\e ^ "^II^IIl^^_^^(^,E)- 
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Note that the latter term is the norm of x in 

n^+^^- Lf_^,^-^{M,E) with = (2p',oo). 

Taking adjoints and replacing 9 hy \ — 9, we obtain 

(00,-5-) 

It remains to estimate the last term in the maximum. As in Theorem 15.161 

\\u{x)\\hr^(A) = V^I|E(a;a;*)||2p' 
\\u{x)\\h-^(^A) = \/^||E(a;*a;)||2p- 
Thus, by complex interpolation we conclude 

Combining the estimates obtained above, the assertion follows. □ 

Remark 5.19. As we shall see in Chapter [7] below, another useful way to write 
the intersection space appearing on the right side of Theorem l5.18l is in the following 
form 

fl n^+n^ P {M,E). 

a,/3G{2p,2g} 

Remark 5.20. It might be of independent interest to mention that our methods 
immediately imply that the spaces T^-jp li-M, E) and Cjp li-M, E) form interpolation 
families with respect to the index p. In other words, for any 1 < p < 00 

[7^'4,l(^^,E),7^^^l(^^,E)]^/^ ^ 7^^V,l(■^'E), 

Moreover, using anti- linear duality we may replace intersections by sums and extend 
our results to the whole range 1 < 2p < 00. These generalizations of Theorems l5.16l 
and 15. 18) are out of the scope of this paper. 



CHAPTER 6 

Factorization of Jp^q{M, E) 

Let (Xi, X2) be a pair of operator spaces containing a von Neumann algebra Ai 
as a common two-sided ideal. We define the amalgamated Haagerup tensor product 
Xi (^M,h X2 as the quotient of the Haagerup tensor product Xi (gj^ X2 by the closed 
subspace I generated by the differences 

a;i7 (g) a;2 — (g) 70:2 with j G M. 

We shall be interested only in the Banach space structure of the operator spaces 
Xi i^M.h X2. In particular, we shall write Xi (g>_\4 X2 to denote the underlying 
Banach space of Xi ^M,h X2. According to the definition of the Haagerup tensor 
product and recalling the isometric embeddings Xj C B(Ti.j), we have 

(6.1) Ikllxi^^x^ = inf 
where the infimum runs over all possible decompositions of a; + X into a finite sum 

X = Xik <El X2k + 1- 

Remark 6.1. Our definition (|6.ip of the norm in Xi X2 uses the operator 
space structure of Xi and X2 since the row and column square functions live in 
B(Ti.j) but not necessarily in Xj. However, in the sequel it will be important to 
note that much less structure on (Xi , X2) is needed to define the norm in Xi (g)_A4 X2. 
Indeed, we just need to impose conditions under which the row and column square 
functions become closed operations in Xi and X2 respectively. In particular, this 
is guaranteed if Xi is a right Al-module and X2 is a left A^-module. On the other 
hand, note that this structure does not provide us with a natural operator space 
structure on Xi (^m X2, as we did above with Xi <^M.h X2. 

Let us consider any pair of indices 1 < p, q < 00 satisfying q < p and let us 
define l/r = ^/q — l/p- Then, given a positive integer n, the rest of this paper will 
be devoted to study the following intersection spaces 

u,D£{2r,oo} 

The aim of this chapter is the following factorization result for the spaces {A4 , E) . 
Theorem 6.2. If I < q <p < 00, we have 

j;:jM, E) ^ nijM, e) c^.^iM, e), 

isomorphically. Moreover, the constants are independent ofp,q,n. 
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6.1. Amalgamated tensors 

Before any other consideration, let us simplify the expression (|6.ip for the 
amalgamated Haagerup tensor product in Theorem 16.21 above. Since 'R-2p,qi-^' 
and qi-M, E) coincide with L2p{M) as a set, the product ab of any two elements 
{a,b) £ T^2p.q{M, E) X C2p,q{M, E) is well-defined and the amalgamation over M 
allows us to identify finite sums 

E, akbk ^ V", flfc 81 bk + T. 
k ^ — 

Moreover, it is easily seen that 

ai,a2,...,a„eL^^^^)(X,E) ^ ( a,a*) ^ e E), 
6i,62,...,fe„ei^^^„)(A<,E) => {J2^blbkr eLll^^^iM,E). 

In particular, it turns out that (|6.ip simplifies in this case as follows 

where the infimum runs over all possible decompositions 

X = akbk- 

^ — ^ k 

Of course, this argument holds in a more general context. Indeed, arguing as 
in Proposition 14.51 we deduce that the conditional Lp space L^^ ^^{A4,E) embeds 
contractively into Ls{Ai) with 

1/s = l/p+ 

Thus, the same arguments lead to the same simplification for the spaces 

A = L2piM) (E)M L2p{M), 

B = L2p{M)®mL]I^^SM,£), 

C = l]"^ {M,E)®mL2p{M), 

D = L'l^ .(A^,E)®^iJ^^ (A^,E). 

\ p — q'' \ "I p — q ' 

Our first step in the proof of Theorem 16.21 is the following. 
Lemma 6.3. We have 

'R-2p^q{M, E) (g)M C2p,g{M, E) ~ UP An n^5^+^B n n^ + 'kcn n\ D, 
where the relevant constants in the isomorphism above are independent ofp,q,n. 
Proof. It is clear that 

TZ^p^g{M,E)(S)M Qp,q{M,E) C npAn?i^+^Bnn^+^Cnn5D 
contractively. To prove the reverse inclusion it suffices to see that 

(6.2) npAnn^+'kc C TZ!^pq{M,E)®Mn^L2piM) = Xi, 

(6.3) n^p + ^Bnn^D C TZ^pJM.E) (g>M L^p^^^^{M,E) ^ X2, 
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with constants independent of p, q, n and also 

(6.4) A-i n C n^pJM, E) ®M C2pJM, E) 

with absolute constants. In fact, the three inclusions can be proved using the same 
principle, which obviously works in a much more general setting. Indeed, let us 
prove (|6.2[) . If x is a norm one element in np A D n^p ^i C and o > 0, we may 
find decompositions x = J^k °'ifc'^2fc and x = J2k cifcC2fc satisfying the following 
estimates 



^{«^'||(E, 



ClfcCifel 



p — g ' 



} 



< 1 + 5, 

< 1 + 6. 



Let us consider the following clement in L2p{Ai) 



7 



1/2 



Since 7 is invertible as a measurable operator, we may define ^ by x = ^7. Moreover, 
we also define (a2fe!'^2fe) ^■zfc = ^^2^:7 ^'^'^ "-zfe = ^2^7- This gives rise to the 
following expressions for x that will be used below 



a; = ^7 



ClfeC2fe)7- 



The norm of x in Xi is estimated as follows 

Ikll^i < ll^lkj..,(>'.E)ll7ll„^^^^(_^), 
where the norm of ^ in the space 7^2p,g(-^: E) is given by 



max |n2p II 
However, since 



2p 



ClfcC2fe 



(A1,E 



] 



{A,C}. 



we obtain 



A = n 



2p \^ 



aifea2fe 



Xlfe"2fc4fc = 7 ^(Xlfe°^2fea2fe)7 ^ < 1, 

- II ( life 'IL Ik 5Ife «2>2fe) ' 



Similarly, we have 

J2k '^2fc'^2fc = T^^Xlfe C2fcC2fe)7"^ < 1 

and therefore we deduce 

C = n2gsup|||a^^ 



ClfeC2fc 



< n2 



= sup 
Thus, we have proved 



{He 



1/2 



ClfeCifcl 



L,(A1) 
L2<,(A^) 



"IIl^Cat) < i[ 

p-q 

l|a||L2p, (A/-) < 1} 

p — q 

' "allL^(A^) < 1} < l + <5. 



U\U'i<M,E)<l + S. 
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It remains to estimate the norm of 7 in n"^ L2p{A4) 



!p ^1 



+ 



In conclusion, letting 5 ^ 0^ we obtain 

||a:|Ui < V2. 

This proves (|6.2p and inclusion (|6.3p is proved in a similar way. To prove (|6.4p we 
just need to observe that the common factor Ti-2p E) in Xi H A2 is on the left, 
in contrast with the previous situations where the common factor was on the right. 
The only consequence is that the roles of ^ and 7 above must be exchanged. □ 



Lemma 6.4. We ha 



A 
B 
C 
D 



Lp{M), 



LP 

L 



f 2pg 
\ V — Q '• 



(A^,E), 
(A^,E), 



P,.(-M,E), 



isometrically whenever the indices p and q satisfy 1 < q < p < 00 or I < q < p < 00. 
Proof. Let us define 

1/s = l/u + 1/p + 1/v = 1/si + 1/S2 

with the indices si and S2 given by 

= l/u+l/2p, 

1/S2 = l/2p+l/v. 
Then we obtain the following estimate 



,(A^,E) 



sup aaubkP 



< 



sup \ \a[ 

a,(3 II 



,{M,E)\ 



"(00, 



(A^,E) 



where the supremum runs over all a in the unit ball in Lu{M) and all (3 in the 
unit ball of Ly{M). Therefore, taking infima on the right we obtain a contractive 
inclusion 



L 



2p 



^iu,oo)iM, E) E) c E). 

This shows at once the lower estimate for all isometrics and for 1 < q < p < 00. 
That is, with no restriction on the indices. In order to show the reverse inequalities, 
we restrict the indices u and v to be either or 00. We shall obtain 



,(-M,E) 



contractively. To do so we begin with some remarks. First, the isometry A — Lp{A4) 
is very well-known and there is nothing to prove. Thus, the case q = p is trivial 
since the spaces on the left collapse into L2p{M) ®m L2p{M.) while the spaces 
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on the right coincide with Lp{A4). Therefore, we just need to consider the cases 
1 < q < p < oo and 1 < q < p < oo. In both cases we have 

2 < < oo. 

p-q 

In other words, we may assume that 2 < min(M, u) < oo. In particular, we are 
in position to apply the standard Grothendieck-Pietsch separation argument as in 
Theorem 13.161 and Observation 13.171 This will be our main tool in the proof. Let 
us consider the following norm on Lp{A4) 




where the infimum runs over all decompositions of x into a finite sum a^bk with 
ak,bk G L2p{M). Since this norm majorizes that of L^^ oo)(-^' ti)(-^' ^) 

in Lp{Ai), it suffices by density to see that the norm in L^^ t,)(-^> controls ||| ||| 
from above. To that aim, given x G Lp{A4), we consider a norm one functional 

0: (Lp(Al), III 111)^ C satisfying |0(x)| = |||a;|||. 
Then, the reverse inequalities will follow from 

(6.5) \(j){x)\ < sup ^^\\axP\\L^{M) I " e Bi^^(^),/3 G Bi^(^)|. 

Applying the standard Grothendieck-Pietsch separation argument, we may find 
positive elements a G B^^(_^-) and (3 G B^^^j^j satisfying 

|0(a6)| < \\aa\\L,^(M)\\bP\\L,^{M)- 

Then, taking qa and qf3 to be the support projections of a and /3 respectively, we 
obtain after the usual arguments (see e.g. Theorem 13. 16p a right A^-module map 
: qaLs^{M) —>■ qpLg' {M) determined by 



(t){ab) = ixM [^{aa)bj3j . 
In particular, there exists mif G B^ ,{m) satisfying ^'(aa) — jn,i,aa so that 

|(/)(x)| = \tTM{mq,axP)\ < sup ||jQ;a::/3|ii,^(7v,) | a G Bi^(_v),/3 G Bi^(_v)|. 
This completes the proof of inequality (|6.5p and thus the proof is concluded. □ 



Let us observe that Lemmas 16.31 and 16.41 give Theorem 16.21 for every pair of 
indices {p, q) except for the case of J'^ li-M, E). However, this is for several reasons 
one of the most important factorization results that we need. In order to factorize 
the space J'^ li-M, E), we note that Lemma [^751 is still valid. Moreover, due to the 
obvious isometries 

Xi (g)M M^Xi and M (E)m X2 = X2 

for any right (resp. left) Al-module, we deduce that the first three isometries in 
Lemma 16.41 are trivial in the limit case p = 00. Hence, we just need to show that 
the isometry for D still holds in the case {p,q) = (00, 1). Again, we recall that 
the lower estimate can be proved as in Lemma 16.41 so that it suffices to prove the 
upper estimate. Unfortunately, the application of Grothendieck-Pietsch separation 
argument in this case is much more delicate and we need some preparation. After 
some auxiliary results in the next paragraph, we will go back to this question. 
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6.2. Conditional expectations and ultraproducts 

Wc study certain ultraproduct von Neumann algebras and the corresponding 
conditional expectations. These auxiliary results will be used to factorize the norm 
of J"!^ \ E) as explained above. 

Lemma 6.5. Let F he a finite dimensional subspace of M.* and let G be a finite 
dimensional subspace of M . Then, given any S > there exists a linear mapping 

w : F ^ M* 

satisfying the following properties: 

i) Ikllcfe < 1 + ^. 

ii) The space lo{F f] M*) is contained inAf*. 

iii) The following estimate holds for any / G F and g € G 

\g{Lo(f))-f{g)\<S\\f\\,\\g\\G. 

Proof. Let (/i, /2, . . . /fe; , i • • • > f/S) be an Auerbach basis of F n A/"*. That 
is, (/i, /2, . . . , fk) is a basis of F n A/"* with \\fj\\ = 1 for 1 < j < A; and the fj"s are 
functionals on F n A/"* satisfying f*(/j) — Sij. Let us take Hahn-Banach extensions 
fiT ■ ■ , fk : F ^ C of fj^, . . . ,f^ respectively. Then we may define the projection 

k 

P:/eF^5^ /;(/)/,• eFnAA*. 

Now, using P we may also consider an Auerbach basis {fk+i, ■ ■ ■ , fn] ffe+i) • • • ) ^n) 
of (If — P)(F). Then, given any A; + 1 < j < n we consider the linear functional 
/J : F — > C defined by the relation 

/;(/)= f;(/-p(/))- 

Finally we consider an Auerbach basis {gi,g2, ■ ■ ■ ,gm',gtj9h ■ ■ ■ ■>9m) ^- This 
allows us to define the following set for any £ > 

C(£) = convjo; : F ^ A^* I a;(F n A^*) C A/"*, \gkWj)) - fj{gk)\ <s]- 

Let us assume that 

(l + S) BcB(F,Ai,)nC(i) = 0, 

where C(£) denotes the closure of C(£) in the a{CB{f,M*), F (g) M) topology. We 
will show below that C(£) is not empty. Thus, by the Hahn-Banach theorem we 
may find a linear functional ^ : CB(F, A^*) — > C such that 

Re(^(a;i)) < 1 < Re(C(a;2)) 

for all e {l + S)Bci3{F,M,) and G C(e). This implies \\£.\\cb{f,m,)' ^ + 
After identifying the space C;B(F, A^*) with the minimal tensor product F*(8)minA^*, 
we consider the associated linear map : A^* — > F defined by 

f*{mm.))=^{f*^m.). 

Then, taking mj = fj oT^ ^ A4 it turns out that 

n 
3 = 1 
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We claim that 

llellN(A4.,F) = llelll(M.J) < + 

where N(A1*,F) (resp. I(A^,,F)) denotes the space of completely nuclear maps 
(resp. completely integral maps) from A^* to F. Indeed, according to the main 
result of [§, A^* is locally reflexive and so the first identity follows from Proposition 
4.4 in 8 . The inequality following it holds by Corollary 12.3.4 of [9] and the fact 
that ||^||c8(F,Ai,)' !i (1 + S)~^. Moreover, since F is finite dimensional 

N{M*,F) = F<§)M and N{M,,F)* = CB{F,M*). 

This means that given any linear map uj : F — > A^*, we have 

n 

|eH| = |5]^(/,)K)| < ||e||N(A^.,F)|k||c6<(l + <5)-'|l^||c6. 
J = l 

In particular, the inclusion map j : F ^ A^* satisfies 
On the other hand we can write 

n 

Given 1 < j < fc, let {fj,a)aeA C A/"* be a net converging to fj in the a{Af*,Af) 
topology. Thus fj^a ° E converges to fj o E in the a{M*,M) topology. When 
j = k + 1, k + 2, . . . ,n we may also fix a net {fj,a)aGA C Al* converging to fj in 
the a{M* , M) topology. This implies that the maps uja ■ F ^ A^* defined by 

n 

^M) = 'satisfy wa(F n TV*) c a; 

since G A"* for j = 1, 2, . . . , fc and /*(P(F)) = for j = k + 1, k + 2, . . . ,n. 
Moreover, for large enough a we clearly find 

\gkiuJa{fj)) - fj{9k)\ < e. 
This shows that there exists a for which uja G Finally, we have 

n n 

lim^{uja) = limy^ mj(uja{fj)) = lim (/j,^) = ^(j)- 

Therefore we may find a such that 

LLia e C(e) and |^(t^Q)| < 1. 

However, any uj G C(e) satisfies Re(^([x))) > 1. Therefore, we have a contradiction 
so that we can find 

LJG (l + (5) BcB(RA^.)nC(e). 
Such a mapping clearly satisfies 

n m 

\g{co{f)) - .g(/)| = I ^ /;(/).g:(.g)(5fe(c.(/,)) " fM) | < E l^feC?)!- 

j,k j=l fc=l 

Then, recalling the definition of f* and g'^ we easily obtain 

- gif)\ < emn\\l, - P|| ||/||f||5||g < 2emn^fMg\\c 
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for all / e F and g E G. Therefore, taking e < 6/2mn? the assertion follows. □ 
In the following we use the notation 

(xi)* — Equivalence class of (xi) in TT X^. 

Lemma 6.6. There exist an ultrajilter hi on an index set I and a linear map 

a:M*->\\ M, 

satisfying the following properties: 

i) The map a is a complete contraction. 

ii) The space a{J\f*) is contained in Yim^*- 

iii) The following identity holds for all t/j E A4* and m E M 

\im,^U to(q;(?/;)i) = Tp{m). 

Proof. Let / be the set of tuples (F, G) with F a finite dimensional subspace 
oi M* and G a finite dimensional subspace of A^. Let U be an ultrafilter containing 
all the subsets of / of the form 

/f,g = {(F',G')| FcF', GcG'}. 

Note that this can be done since these sets have the finite intersection property. 
For fixed F, G we choose cjf.g : F ^ A^* satisfying the assumptions of Lemma [6T5l 
for S = (dim FdimG)^^. Then we define 

Note that for (F, G) G /{,/;). (o) this is well-defined. Hence a is well-defined on Al*. 
It is easily checked a is linear and completely contractive. By construction we have 
a{Af*) cYiiu-^* ^^"^ Q;('0)(m) = \imi,u m{a{tp)i) for all m g M. □ 

Lemma 6.7. There exists normal conditional expectations 

Moreover, they are related to each other by the identity E** o £ = £ o E. 
Proof. Let us consider the map 

E^:{x,)'&l[ M^iEix,)rel[ M. 

By strong density of Hi -'^ ( Hi w ■^*)*' define 

E:(n.,„^.)"-(n.,„-^.)' 

with predual . On the other hand, the map 

clearly satisfies ao ^ — Ij-j with a being the map constructed in Lemma l6.6l 

Taking adjoints we find that 
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is an injective *-homoinorphism so that the adjoint £ oi a 



is a normal conditional expectation. We are interested in proving the relation 
E** o £ = £ o'Ei. Note that since a{N*) is contained in WiyN*, we have 



In particular, both maps E** o £ and £ o E end in A/"**. However, if we predualize 
this identity it turns out that it suffices to see that 

a o E* E^ o aij^, . 

This is a reformulation of Lemma 16.61 iii). The proof is complete. □ 

6.3. Factorization of the space i(A^, E) 
According to |49j . 

Lp{Mu) = Y\ Lp{M) with A^w = fTT A^*) and 1 < p < oo. 
Then, by Lemma 16.71 the inclusion below is a complete contraction 

: Lp{M**) ^ Lp{Mu). 
Lemma 6.8. The map : Li{M**) — > Li{Mu) satisfies 

^,{{ax){yh)) ^ Ua")-^ ^vUb^)"^ 
for all (x, y) € E) x LJ^(A^, E) and all positive elements a,b £ iJ(A/'**). 



Proof. Accordingly to the terminology used in Lemma 16. 7[ we may identify 
M** with its image ^*{A4**) in Mu- In particular, the map can be regarded as 
an Ai** bimodulc map satisfying 

for every functional tp € M* with associated density G Li{M**) so that t/jo£ is 
a functional on Aiu with associated density D^o£ G Li(Aiii). Therefore, we have 

ei(D^) = ^'Joe^'Jol = 6(Df )e2(D;/^). 

Now, let us consider a, 5 e L2{M**) and define = aa* + b*b with corresponding 

1/2 1/2 

positive functional ip. Let mi,m2 G A^** such that a = D^' mi and b = 1^12!)^ . 
Assuming that mi and m2 are ^/^-analytic and using the bimodule property of ^1 
we obtain 

ei(a&) = 6(D;/'mim2D,y') 

= 6(ct!;,/2(™i)DV'^»72('^2)) 

= CT_V2(™l)D^ofD^o£^^/2 (^"2) 
-p,l/2 T^l/2 

= 6(Dy')mim26(Dy'). 
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Thus, by approximation with ^/'-analytic elements, we conclude S,i{ab) = S,2{o.)S,2{b). 
Assuming in addition that a, b are positive and x,y Cz A4** 

(6.6) ^i{iax){yb)) ^ ^2{ax)Uyb) = aia)xyUb) = ^lia')^ ^yUb')^ ■ 

This proves the assertion with a. 6 G L^(A^**) and x,y £ M. Before considering 
elements (x, y) G U^{M, E) x L%^{M, E), we observe that ^p{Lp{J\f**)) is contained 
in the space 

Lp{Nu) = l[^^Lp{U) with ^u={l[^^M* 

Indeed, according to Lemma [6771 we know that E**o£ = £oEso that £ {Lp{Afu)) is 
contained in Lp{M**). According to (|6.6p and the density of M in _LJJ^(A^, E) and 
L^(A1, E), to prove the assertion it suffices to see that given a, 6 G L^iM**) and 
x,y £ M we have 

(6.7) ||Ci((aa;)(y&))|L,(^„) < ||a|U,(^..)||E(a:x*)||^'||E(j/*2;)||^'|16|U,(^..). 
By ()6.6p we have 

/ xl/2 / ^1/2 

\\^i{{0'X)ivb))\\L^(Mu) ^'^^Muy^2{a)xx*^2{a)j i^^Mu [£.2{b)y*y^2{b) 
Now, using E** o £ = £ o E and ^2 : L2{Af**) ^ L2WU), we have 

^T:Mu\^2{a)xx*S,2{a)j = tr^^^ o E(^2(a)a;a;*^2(a)) 

= trAi„ (^^2(a)E(xa:;*)^2(a)) 



1" 

< ll6(a)|U2(AA„)||E(a;x*)||^^ 

Similarly, we have 

1/2 

^^Mu[^2{b)y*yUb)) < \Hy*y)\\M\\Ub)\\L.i^u 



Therefore, (16. 7|) follows since ^2 is a contraction. This concludes the proof. □ 
Proposition 6.9. Any x e M satisfies 

Proof. The lower estimate can be proved as in Lemma 16.41 To prove the 
upper estimate, we consider the following norm on A4 

iiNii..„f{ll(i:^EK<.i,))"i^^,^j(E.E(-.j-..))-"|L^,,,} 

where the infimum runs over all decompositions of x into a finite sum ^^,0^6^ 
with ak,bk G A4. Let x £ M and take a norm one functional (j) : (M, \\\ |||) C 
satisfying |||a;||| = |</'(a;)|. Then it is clear that it suffices to see that 

(6.8) \(j){x)\ < sup|||aa;/3||i^(^) | a,/? G BLiiAf)}- 

Applying the Grothendieck-Pietsch separation argument, we may find states ipi and 
■02 in A/"* with associated densities Di and D2 in Li{Af**) satisfying the following 
inequality 

\(p{ab)\ < Maa )H2{b*b)^. 
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1/2 1 /"^ 

By Kaplansky's density theorem, D^- M is norm dense in A4** for j — 1,2. 
Therefore, taking Cj to be the support of for j = 1,2, we may consider the map 

^ : eiL2iM**) e2L2{M**) 

determined by the relation 

^{ab) = (D|6*,*(Di^a)) = trA^.. (*(Df a)6D|y 

From this it easily follows that ^'(Dj^am) = ^'(Dj^a)TO for all m e M. Hence, by 
density we deduce that ^ commutes on L2{Ai**) with the right action on A4** . In 
particular, we may find a contraction m$ a M** such that 

*(Df a) = TO^^Dfa. 

This gives 

(/)(a6) = trwi" ^m^D a6D2 ^ . 

On the other hand, by Goldstein's theorem there exists a net {rn\) in the unit 
ball of which converges to TOij, in the a{A4** , A4*) topology. Therefore, since 
D^^abDj/^ e Li{M**) we deduce that 

(j){ab) — limtrx.* ^m^Dj^ a6D|^ . 

By Lemma 16.61 we have 

tTM"(mxBlabB]) 1 iimx)^trMu(mxa{ip i i))- 

Observing that = a we may apply Lemma 16.81 to obtain 

trMu(m\a{-4) i i )) = linii,w tr^ fTOAC2(Di a6^2(D|)i) . 
Therefore we conclude 

limlimj_t/trA4(mA6(Di )ja;6(D|)i 



A 

Moreover, since there exist nets {on) and in L\{M) such that 

(a^)'=6(Df) and ^2 (6^), 

we obtain the following expression for <i>(x) 

(j){x) = lim Mmi^u tvM {m\ai xPi). 

Recalling that lim^^j^ llc^ilb l£ 1 and limi^;^ liftlU < 1, wc obtain 
\(t){x)\ < sup ^\\axf3\\L^(^M) \ a,f3 e Bl^ca/")}- 
This proves (|6.8p and implies the assertion. The proof is completed. □ 



CHAPTER 7 



Main results 



In this chapter we construct an isomorphic embedding 

with A being a sufficiently large von Neumann algebra. After that, we conclude 
by studying the right analogue of inequality (Spq) (see the Introduction) in the 
noncommutative and operator space levels. As we shall see, this appears as a 
particular case of our embedding of Jpq{M, E) into Lp{A; £^) when considering the 
so-called asymmetric Lp spaces, a particular case of conditional noncommutative 
Lp spaces. These results complete the general method constructed in this paper 
and are closely related (as explained in the Introduction) with several problems in 
the theory of noncommutative Lp spaces. 



7.1. Embedding into Lp{A;£'^) 

Now we use the factorization results proved in the previous chapter to identify 
the spaces J'p^{A4,E) as an interpolation scale in q. This will give rise to an 
isomorphic embedding of Jp]q{M, E) into the space Lp{A;£g), with A determined 
by the map (|5.25p 

n 

fc=l 

Here Xk = Trk{x,—x) in the terminology of Chapter [5l That is, -4®„ denotes the 
direct sum A (B A ® . . . ® A (with n terms) of the A/'-amalgamated free product 
*j^Ak with Ak — M (B Ai for 1 < fc < n and tt^ denotes the natural embedding of 
Afe into A. The following lemma generalizes the main result in |19) . 

Lemma 7.1. If 1 < p < oo, the map 

n 

fc=i 

is an isomorphism with complemented image and constants independent ofp,n. 

Proof. Since the result is clear for p = 1, we shall assume in what follows 
that 1 < p < oo. According to Theorem 16.21 we identify the intersection space 
Jp^iiM, E) with the amalgamated tensor 7?.2p,i(Al, E) ®A^C2p^i(A4, E). Now, using 
the characterization of Lp{A;£i) given in [14] . we have 



L2piA) 
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with the infimum running over all possible decompositions 

and where sum above is required to converge in the norm topology for 1 < p < oo 
and in the weak operator topology otherwise. Then, given any decomposition of x 
into a finite sum x — ajPj with aj G 7?.2p,i(-^' ^) ^^'^ ^ Qp.il-'^' E); 
have 

Xk=^^akjbkj with akj ^ TTk{aj,aj) and bkj ^ TTk{f3j,-/3j). 
This observation provides the following estimate 
(7.1) \H^)\\LAA;ii) ^ ||l]^A,,fc(a)®eiA 



L2p(.A;CJp) 



X I Ac,fe(/3) «) efei 
for any possible decomposition x — J2j ^jPj ^'^'^ where 

A,.(/3) = -4(E/;/3,)'/',-(E/;/3.)'^' 

We want to reformulate (|7.ip in terms of the square functions 



,1/2 



and 5e(/3) = (E./3;/3j) 



1/2 



By the definition of the map u, we find 



(5c(/3))| 



where the infimum runs over decompositions x = '^k^jf^j- However, applying 
Corollary 15.31 as we did in the proof of Lemma 15.141 the spaces TZ2p i {M , E) and 
C2pi(A^,E) are isomorphic to their images via u in L2p{A;R2p) and L2p{A;C2p) 
respectively. In particular, we obtain the following inequality up to a constant 
independent of p, n 



,{x)\\ 



< 



inf |||5r(a)| 



\Mf3)\ 



The right hand side is the norm of x in TZ2p^i{M, E) (^m C2p,i(-^, E). Thus, we 
have proved that u is a bounded map. Now we prove the reverse estimate arguing 
by duality. First we note that it easily follows from Theorem 14.21 and Remark 14.31 
that 

J-;:i(>[,E)=/C^,_^(M,E)* for l<p<oo 
where, following the notation of [19|, the latter space is given by 

/c;^^^(^^,E) J2 "-(^+i+^)L„(AA)L,„„(M)i.(AA), 

u,v^{2p' ,00} 

with puv determined by 1/u + 1/puv -\- l/v = l/p'. We claim that 



(7.2) 



w : X 



n 

e IC;y^iM, E) ^ - ^ xfc ® 4 G Lp, [A; c) 



fe=l 
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is a contraction. It is not difficult to see that the result follows from our claim. 
Indeed, using the anti-linear duality bracket we find that 

^ n \ ^ 

{u{x),w{y)) = -'Vtr^(7rfc(a;,-2;)*7rfe(2/, -y)) = - V tr^i (a;*y) = {x,y). 

k=l k=l 

In particular, it turns out that w*u is the identity map on J^p i(A4, E) and uw* is a 
bounded projection from Lp{A;£i) onto u{J'p\{Ai, E)). Thus, u is an isomorphism 
and its image is complemented with constants independent oi p,n. Therefore, it 
remains to prove our claim. Since the initial space of is a sum of four Banach 
spaces indexed by the pairs (w, w) with u, u e {2p',oo}, it suffices to see that the 
restriction of w to each of these spaces is a contraction. Let us start with the case 
(m, u) = (00,00). In this case the associated space is simply n~^^PLpi{Ai) and we 
have by complex interpolation in 1 < p' < oo that 



n 



^Xk^Sk 

k=l 



Indeed, when p — 1 we have an identity while for p = oo the assertion follows by the 
triangle inequality. Therefore, recalling from |23| that the spaces Lp'{A4,£^) form 
an interpolation scale in p' , our claim follows. The space associated to u = 2p' = v 
is 

^L2p'{N')LooiM)L2p'iM). 
Here we use the characterization of the norm of Lpi{A;i^) given in 



^ a;fe (g) 4 

k=l 



= inf illalU (^)( sup ||4||l^(^))|1&IIl,^,(^) [ 

Xk=adkb 1^ P V l<fe<n ^ J 



Then we consider the decompositions of Xk that come from decompositions of x. 
In other words, any decomposition x = ay [3 with a, /3 G L2p'{Af) and y G Looi-M) 
gives rise to the decompositions Xk — aTTk{y,—y)P- Hence, since 

hk{y,-y)\\L^{A) ^\\y\\L^(M) for i < fc < n, 

we obtain the desired estimate 



^Xfe (g) 4 

k=l 



< inf (Af)|ly|lL„(A^)|l/3|lL ,(AA)| = Ila;|l2p'.oo-2p'- 

x—ayn ^ ^ ^ J 



Finally, it remains to consider the cross terms associated to {u,v) = (2p',oo) and 
{u,v) = (oo,2p'). Since both can be treated using the same arguments, we only 
consider the case (m, v) — {2p' , oo) whose associated space is 

L2p' iM)L2p' {M)L^{JV). 

Here we observe that given any a € L2p' (A/") , the left multiplication mapping 

n n 

L„ : ^ flfc «) 4 € L2p' {A; £^p, ) i-> a ^ flfc ® 4 e Lp, {A; t^^) 

k=l k=l 

is a bounded map with norm < r{A)- Indeed, by complex interpolation we 

only study the extremal cases. Noting that the result is trivial for p' = oo, it suffices 
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to see it for p' = 1. Let us assume that 

n 

Eii«''iiL(-A)<i- 

k=l 

Then we define the invertible operator (3 — (X^fe'^fe'^'c + SD^) " (D^ being the 
density associated to the state (f> of A) so that ak — b^P for 1 < fc < n where the 
operators 6i, 62, ■ ■ • , &n satisfy 

n 
k=l 

This provides a factorization auk — abkl3 from which we deduce 

n 

aVafc(g)(5fc <M\L2iA)( sup ||fofc||L„„(^) ) II/^IIl^M) < (1 + ^) l|a|U2(-4)- 

II ^ ^l<fe<n ^ 

Thus, we conclude letting (5 — > 0. Now assume that x is a norm 1 element of 

^2 + 2p 

SO that for any (5 > we can find a factorization x = ay such that 

l|a||L,,,(^) < 1 and ||2/||l,^,(ai) < (1 + -5) 
Then, since a € L2p' (A/") we have 

n n n 

^Xfc(g)4 = Q;^7rfc(?/, = la( y^^iTkiy, -y) (g> Sk') ■ 

k=l k=l k=l 

In particular, 



^ n ^ n 



5, 



l/2p' 



fc=i 



Letting S 0, we conclude that the mapping defined in (|7.2p is a contraction. □ 
Theorem 7.2. If I < p < 00, then 

[j;],iM, E), E)], c j;jM, e) 

wii/i l/g=l— + 9/p and with relevant constants independent of n. 
Proof. By Theorem 14.61 and Observation l4.8[ we have 

[j;]^iM, e), j;]^iM, E)], c j;]^iM, e) 

contractively. To prove the reverse inclusion we consider the map u : — s- As)n- 
Step 1. Since Jp^piM, E) = npLp{M), we clearly have 

Moreover, u(J'pp{A4,E)) is clearly contractively complemented in Lp{A;£p). On 
the other hand, according to Lemma 17.11 J^pi {A4 , E) is isomorphic to its image 
via u, which is complemented in Lp[A]Pl) with constants not depending on p,n. 
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Therefore, the norm of x in the space [^/^^^(tW, E), ^^"^(tW, E)]e turns out to be 
equivalent to the norm of 

n 

^Xk®5k in Lp{A;e^). 



k=l 



Thus, it remains to see that 



(7.3) 



fe=l 



ip(-4:C) 



Step 2. We need an auxiliary result. Let us consider the bilinear map 

n 

A : (a, b) e 7^^p^,(A^, E) x C^p^^iM, E) ^ ^ Mab, -ab) (g> 4 e Lp{A; * 



k=l 



We claim that A is bounded by c(p, q) ^ [p — q)/{pq + 9 — p)- By Theorem 15.161 
we may use bilinear interpolation and it suffices to show our claim for the extremal 
values of q. Let us note that, since we are applying Theorem 15. 161 for T^^^ ^(A^, E) 
and qi-M, E), the operator norm of A is controlled by the square of the relevant 
constant in Theorem 15.161 as we have claimed. The boundedness of A for q = 1 
follows from Theorem 16.21 and Lemma 17.11 The estimate for q — p is much easier 



|A(a,6)| 



" 1 
{^hkiab,-ab)\f^y = np \\ab\\p < \\a\\'ji,_^J\b\\c,_^^^. 



fe=i 



Step 3. Now it is easy to deduce inequality (|7.3p from the boundedness of the 
mapping A. Indeed, according to Theorem 16. 21 we know that (|7.3p is equivalent to 



(7.4) 



y^xfc (g) 4 
fe=i 



„s||(E,".«;)'IL,l|(E/;'. 



for any decomposition of x into a finite sum O'jbj- Let us assume that the index 
j runs from 1 to to for some finite to. Then we consider the matrix amplifications 
J\f = Mm (8) A/" and M ~ Mm '9 M . Similarly, we consider A = Mm (gi A. According 
to (|5.3p . we have 



A = Mm(E)Ai *j^Mm' 

By Step2, we deduce 



\2 *xr M„ 



< 



(7.5) rE^fe' 

where the elements are given by x^ = 7rfc(ab, — ab) and 

^2p,, - 7^^v^,(>l,lM,„®E), 

= C2"p,,(A{,1m„®E). 

To prove the remaining estimate (|7.4p we fix x in J'^^ {A4 , E) and decompose it into 
a finite sum ajbj with to terms. Then, we define the row and column matrices 

m m 

a = ^ aj (g) eij and b = ^ bj (g) eji. 
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According to ()7.5p . it just remains to show that 



fc=i 



ip(-4;<?J) 



k=l 



^ Xfe (g) (5fe 

=1 

The first identity follows easily from 

Xfc 7rfc(ab,-ab) 

= . TTk{ajbj (g) eii, — fljbj en) 

" '^'^ ( Ej "i^i' " Ej "J^j) ® 

where the third identity holds because TTfe is an A^-bimodule map. The relation 
Xfe = Xfc (g) en shows that J2k (g i^fc hves in fact in the (1, 1) corner, which by [24] 
is isometrically isomorphic to Lp(A;£q). The identities for a and b are proved in 
the same way, so that we only consider the first of them. We have 



{MM 



It is clear that 



Therefore, we just need to show that 



a U2p 



By definition, we have 



IKS." 



L2p(A4) 



1m„(»E) 



sup ||aaa*a*||^ 



sup 



sup 



en 



a 



2q 



where the supremum runs over all a such that 

p-q 

If (aij) are the m x m entries of a, we clearly have 



en 



' esi. 
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Therefore, we obtain the following estimate 
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1 en 



< 



^ — 

Easi (8) Csi 
.s 



ajaj I a 



1 



L2,(A4) 



L25(A1) 



^ 2pg (A^) 



(A<,E) 



Hence, the result follows since the column projection is contractive on L2pq_ (Af). □ 

p~g 

The following result is the main result of this paper. 
Theorem 7.3. If I < q <p < oo, the map 

n 

u:x£ j;jM, E) ^ Xfc 4 e Lp{A; P^) 

k=l 

is an isomorphism with complemented image and constants independent of n. 

Proof. It is an immediate consequence of Lemma [73] and Theorem 17.21 □ 
Remark 7.4. If 1 < q < p < oo, let us define 

u,^;G{2r,oc} 

where l/r = — 1/p and puv is determined by 1/u + l/p™ + 1/u = 1/p' ■ Note 
that this definition is consistent with the space K'^, ,^{M, E) introduced in the proof 
of Lemma 17.11 Arguing by duality as in [19j , we easily conclude from Theorem 17.31 
that we have an isomorphism with complemented image 



(7.6) 



£,free ■ X € JCp^q,{M,£) l-> ^ Xfc «) 4 G Lp, {A free] P^t') 



k=l 



where A free denotes the usual free product algebra A from Theorem l7.3l Moreover, 
it is important to note that replacing free products by tensors and freeness by 
noncommutative independence as in [19) . Theorem 17. 31 and (|7.6p hold in the range 
1 <p' < q' < oo. In other words, we replace Afree by the tensor product algebra 

with n terms and a;^ is now given by 



where x is placed in the fc-th position. The question now is whether or not ()7.6p 
holds in the non-free setting for p' = \. Using recent results from [16) . we shall see 
in a forthcoming paper that we have an isomorphism with complemented image 

n 

6nd : X e IC'l2{M, E) ^ a;fe (g) Sk e Lp>{Arnd\ 0H„). 

k=l 

Let us note that the same question for /C" ,(A^, E) with q' 7^ 2 is still open. 
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7.2. Asymmetric Lp spaces and (Spg) 

Let M. he a von Neumann algebra equipped with a n.f. state (f. Now let 
2 < M, w < oo be such that 1/p = 1/u + 1/v for some 1 < p < oo. Then, we 
define the asymmetric Lp space associated to the pair (m, v) as the Al-amalgamated 
Haagerup tensor product 

(7.7) L^^^,^{M) = LliM)^M,hK{M), 

where we recall that L'^{Ai) and LJ^(Al) were defined in (|1.3p for 2 < g < cxd. That 
is, we consider the quotient of L'[^{M)(^hL!^{-M) by the closed subspace X generated 
by the differences xi^ X2 — xi (S) 7x2 with 7 S Recall that we are using the 
notation (^M,h instead of (Sim because, in contrast with the previous chapters, we 
shall be interested here in the operator space structure rather than in the Banach 
space one. By a well known factorization argument (see e.g. Lemma 3.5 in [41]), 
the norm of an element x in L(„ ,;)(A^) is given by 

l!a;||(u,t,) = inf ||a||L„(^)||/3||L„(A^). 

x—ap 

According to this observation, it turns out that asymmetric Lp spaces arise as a 
particular case of the amalgamated noncommutative Lp spaces defined in Chapter[2] 
when we take q = 00 and Af tohe M itself. Asymmetric Lp spaces were introduced 
in [19j for finite matrix algebras. There the amalgamated Haagerup tensor product 
used in (17. 7|) was not needed in [19] to define the asymmetric Schatten classes. In 
fact, if M is the algebra of m x m matrices and X is an operator space, we can 
define the vector-valued asymmetric Schatten class 

^K^)(X) = Cr/2 ®/.X®, 

Note that this definition is consistent with (|7.7[) . Indeed, recalling that 

L;;(M„) = C:)2 ^„ and LS(M,„) = C„®^i?™/2, 

it can be easily checked from the definition of the Haagerup tensor product that 
we have LJ^(Mm) (SM,h L'^{Mjn) = ^)(C) isometrically. Moreover, according to 
any linear map u : Xi ^ X2 satisfies 



(7.8) \\uU - sup 1m„ ® u : ^("„,,)(Xi) ^ S^^^.^iX^] 

n>l 

In particular, since it is clear that 

S}^u,v){LliM^) ®M,h Ll{Mra)) = S^l,){C) for aU m > 1, 
we have the following completely isometric isomorphism 

i(u,„)(M„,) = 5^;,)(C). 
Remark 7.5. Lp{M) is completely isometric to L2p{M) ®mm L2p{,M). 

We conclude by generalizing the inequalities (Spq) stated in the Introduction to 
the noncommutative setting. Moreover, we shall seek for a completely isomorphic 
embedding rather than a Banach space one. As we shall see, this appears as a 
particular case of Theorem 17.31 module the corresponding identifications. Indeed, 
let M. he a von Neumann algebra equipped with a n.J. state if and let us consider 
the particular situation in which [M. , A/", E) above are replaced by 

(7.9) (A1,„,A;„,E„,) = (m„®7W,M„,1m„ (»^). 
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If Dtp is the associated density, we consider the densely defined maps 

Lemma 7.6. T/ie maps '"^'^ Pc extend to isometric isomorphisms. 
Proof. By [9, p. 56] we have 

1/2 



m 



fc=l 

1m„ (Xi (p 



1/2 



1/2 



= 11(^)1 



The proof of the second isometric isomorphism follows from [9, p. 54] instead. □ 

Now, assuming that A4, J\f and E are given as in (|7.9p . our aim is to identify 
the intersection space J'pg{Mm,^m) in terms of asymmetric Lp spaces. More 
concretely, let us define the following intersection of asymmetric spaces 

u,v£{2p,2q} 

Lemma 7.7. Ifm> 1, we have an isometry 
Proof. By definition we have 

Since the powers of n fit, it clearly suffices to show that 



^p™(i(2p.2p)(M)) = 

5p"(i(2p,2«)(M)) = 

^p™(i(2,.2p)(Al)) = 

^p"(i(2,,2,)(Al)) - 



m ; '—rn ) 1 



L 

TP 
TP 



{Mm, Em), 
{M,n, Em), 



pq \ {Mlrn 7 Em ) • 



p-q ' p-q ' 



The first isometry follows from Remark 17.51 we have Lp(Al„j) at both sides. The 
last one follows from Example 14.11 (b), which uses one of Pisier's identities stated 
in Chapter [1] It remains to see the second and third isometrics. By complex 
interpolation on g, it suffices to assume q—\ since the case q = p has been already 
considered. In that case, we have to show that 

^p"(i(2p,2)(>f)) = Ll^^^^,^{Mm,Era), 
S;-{L^2,2P){M)) = i^2p'.oo)(-^™'Em). 
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When p — I, the isometry foUows agam from Remark 17.51 Therefore, by complex 
interpolation one more time, it suffices to assmiie that (p, q) = {oo, 1). In that case, 
we note that 

5™(L(2,oo)(A^)) - 5^(i2(-A^)) = i'oo(-A^m,E„) = L^^^)(M™,E™). 

We have used Lemma [7^ in the second identities. This completes the proof. □ 

Let Am stand for the usual amalgamated free product von Neumann algebra 
constructed out of A^,„ = M,„ (8) M with A/"™ = M^. According to (|5.3p . we have 
Am = M„ (g)yl with A = iM(SM)*'\ In particular, LpiAmliq) = S'^ {Lp{A; P^)) 
and we deduce the result below from Theorem 17.31 and Lemma 17.71 

Theorem 7.8. If I < q <p < oo, the map 

n 
k=l 

is a cb-isomorphism with ch- complemented image and constants independent of n. 

Remark 7.9. Let Ai be the matrix algebra equipped with its normalized 
trace t and let us consider the direct sum A^©n = AlffiA^©---®A^ with n terms. 
We equip this algebra with the (non-normalized) trace Tn = T(BTQ)---(S)T. In this 
case, given an operator space X, we could also define the space 

©n) ^M(^n:h -f'oo(-^0n; X) (E)M(gri:h Lvi-^fSn)- 

u,v&{2p,2q} 

The analogue of Theorem 17.81 with 

i) {p,q) being (p, 1), 

ii) freeness replaced by noncommutative independence, 

iii) vector-values in some operator space X as explained above, 

was the main result in [19j . In our situation, a vector- valued analogue of Theorem 
17.81 also holds in the context of finite matrix algebras. However, note that the use 
of free probability requires to define vector-valued Lp spaces for free product von 
Neumann algebras [17], which is beyond the scope of this paper. 
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